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We exhibit and describe optimal target spaces in orbitrary-
order Sobolev type embeddings for traces of nn-dimensional
functions on lower dimensional subspaces, this method is very
efficient to give various characterizations of optimal Sobolev trace
embeddings, we used the descriptive-deductive method, Results
:we found that any trace embedding can be reduced to a one-
dimensional inequality for a Hardy type operator depending only
on nn and on the dimension of the relevant subspace.
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1. Introduction and main results
Let AA be an open set in R™ R", with n = 2n = 2and let
d €Nd €N such that 1 =d =n.1 =d < n. We denote by A,
A; the (non empty) intersection of AA with a dd-dimensional
affine subspace of R"IR". Moreover, given any m € Nm € N

and 0 < € < 00 < € < oo, we call WErel+e) () Ww@tet+a ()
the standard Sobolev space of those functions which belong to

La+e OL+e (3) together with all their weak derivatives up to

the order mm. If AA is bounded and satisfies the cone condition,

and
d=n—m, (1.1)

then a linear trace operator
Tr:WmU Q) - L1(Ay) (1.2)

is customarily well defined at any function in W %2 ()W ) ()
via approximation by smooth functions. Here, L* (A ;)L* (A ;) stands
for a Lebesgue space on A;A,; with respect to the dd-dimensional

Hausdorff measure H ¢H €, and the arrow” —— denotes a
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bounded operator. Of course, ifd = n,d =n,thenA; = A, A; = A,

and TrTr is the identity operator.
An even sharper version of the trace embedding (1.2) is available

for the space W1 +€) Q)W ™ +€)(3) for every m € Nm € N
and € = 0, = 0, and reads

/ (1+e.d) -1 1 1
[r-mU+eI ()) if € < ) and -3 < <e< 7
Tr:Wmi+e (3) | —3 (1.3)
exan—m G’Ld] if E{? and e= U'UI‘E=7,
L L*(2;) otherwise,

where exp Ln-m (A )exp Ln-m (A;) denotes an Orlicz space of
exponentially integrable functionson ;. A;. Equation(1.3)collects

classical embedding theorems due to [20] (—% <e< %—% <€ <§or
e=>0,e> _TEE} 0,e> _TE' ) ([27] Nirenberg,1959](e =0,d =n
e=0,d=n), [33] (d =n,d=n,and(—%f:: E{%—%"{E"{%

or € = UGI‘E}_—EE}UUI‘E}_—B ), [32] (d =1—k, E=U‘01‘E=_—3
d=1-—k¢, E—U'OI'E—T) [1] (E—UDI‘E——E—UUI‘E—_E
). In order to explain the aims of the present section, which deals
with a general class of Sobolev type trace embeddings, let us
focus for a moment on the specific instance (1.3), and recall that,

in the case when d = 1 — €,d = 1 — ¢, the target space in all such
embeddings is optimal in the class of Lebesgue spaces — 1 =e< }

—;-ie-':: ore> Uure::»—e::» DurE}—) andalsoOrhcz
spaces

(¢ = 0e = 0) [10], but can be improved (for € < 0,e = _73
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=0, E‘:—) on replacing the Lebesgue space L( }G’J
L( 2 )G’J and the Orlicz space exp L( 3 )(.T'L)exp L( 3 )(}J

1—g%

with the $irictly smaller Lorentz space L(1—5—2+E'i1+5}’1+f) (A)

L(1—5—2+Ef1+5}’1+f) (A) [28] [30] and Lorentz-Zygmund space

L( erria) ), L ( Tae1) (A),[5] , [24], respectively.These
latter spaces turn out to be optimal (smalleé’[ possible) in the class of

allrearrangement-invariant spaces on A,A, namely, loosely speaking,
the Banach spaces of measurable functions on AA endowed with a
norm which only depends on integrability properties of functions.
A question which thus naturally arises in this regard is whether the
target spaces in (1.3) can be enhanced, in a similar spirit, also when
genuine trace embeddings are in question, that is whend = n — 1.
d =n— 1. This question can be affirmatively answered from
an application of one of the main results of this section, which
characterizes the optimal rearrangement-invariant target space in
the trace embedding for given Sobolev type domain space built
upon any rearrangement-invariant space.Indeed, a specialization
of this result tells us that, if m < n,m < n, then

i) —teecl
d e~ o
Ty W(m,1+f} () - 2 _32 (14)

1
( T+2e” )G’Ld] if E=U‘,E=?.

Thetraceembeddingsin(1.4)are,inturn,aspecialinstanceof Theorem
(5.1),whereapplicationsofourapproachtooptimaltraceembeddings
for Lorentz-Sobolev and Orlicz-Sobolev spaces are exhibited. Note
that the trace embeddings in (1.4) actually improve the first two

(1+edd

(ld) C L(n—m(1+s}) (ld)
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(1+edd

(Az) €L “—m'iiﬂ}'][ld] (unless e=0
e=0 and d=n—m,d =n—m, in which case the two

( (1+eld
I in—miitel

1+E)

spaces  coincide), and S :_lj(}td) < exp Ln-m (A,4).

(=) (A;) S exp Lo (Az). Moreover, the target spaces in
(1.4) are optimal among all rearrangement-invariant spaces.Our
general version of the optimal Sobolev trace embedding is stated
in Theorem 1.1below, and requires a few preliminaries.Given any

rearrangement-invariant function norms ||-|[xc. 1)/l ll %01 and
IIIlyo, 13, 11" llyo.1), We denote by X(A)X(A) the rearrangement-
invariantspace on AAassociated with ||-[| x 0. 1) |- Il 0,1y and by ¥ (A4)
Y (A,) the rearrangement-invariant space on A4,A4, with respect to
the dd-dimensional Hausdorff measure H %H @ restricted to A4, 24,
associated with ||*[lyco,13-1l* ly(o,1)- We then call W™ X QOW™X (1)
the Sobolev type Banach space of all functions which belong to X (1)
X(A) together with all their weak derivatives up to the order mm
. Hence, W™X(0) = W+ X QOW™X (D) = W9 X(Q) if
X)) = L9 Q). X () = L% (3). We also denote by WX (L)
WX (A) the subspace of those functions from W™ X (A)W™X (A)
whose mean value over ({} is 00, together with the mean value
of all their weak derivatives up to the order (m — 1).(m — 1).
Let us briefly comment on assumption (1.1). Since X(4) = L*(3)
X() = L*(}) for any rearrangement-invariant space provided
that AA has finite measure, one has that W™X () — W™1X(A)
WmX() - W™iX() for any m € Nm € N and any such
space X(A).X(2). Thus, by (1.2), under assumption (1.1) the trace
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operator TrTr is certainly well defined from W™X(Q)W™X ()
into L*X (A ) L*X(A,) (at least), whatever m € Nim € N and X(2)
X () are.On the other hand, dropping this assumption (in the case
whenm < nm < n) would exclude Sobolev type spaces built
upon rearrangement-invariant spaces X(A)X(2) endowed with a

too weak norm,for instance L'(A).L*(A). Since we are not going
to impose any restriction on the rearrangement-invariant space

X()X(A) in the main results of the section, we shall keep (1.1)
in force throughout. Now, given n,m,d € Mn,m,d € N such
that l=d<=nl<=d<nand d=2n—m,d =n—m, we call

-l X .l X7 (0,1) the rearrangement-invariant function norm
whose associate function norm is given by

[}
(1+2eln

ij = [+ 25)—1+—TJ Z £ @ar (1.5)
il ° j

x2) (0.0) x'(0,2)

for every nonnegative measurable function f; f; on (0,1).(0,1).
Theorem1.1. [Optimal target spaces for trace embeddings] Let

AA be a bounded open set with the cone property in R",n = 2.
R"™,n = 2. Assume that m € MNm € N and d € Md € N are such
that 1=d=nl<d<=nand d =2n—m,d =n—m, and let
I'llx0.0ll-llx0,1) be a rearrangement-invariant function norm.

Let ||-|I xT, ol X7 (0,1) be the rearrangement-invariant function

norm obeying (1.5).Then
Tr:-WmX(2) — X:E’fn[hd). (1.6)

Moreover, the space X7, (A) X7, (A,)is optimal in (1.6) among
all rearrangement-invariant spaces. An important special case of
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Theorem 1.1 i1s enucleated in Corollary 1.2, which provides us
with a characterization of the a Sobolev spaces W™X Q)W ™X (A)
which are mapped into L= (A;)L=(A;) be the trace operator [19].
Corollary 1.2. [Trace embedding into L*L*] Let n,d,m,2,

n,d,m,A, and |||, 0)ll-llxc0,1) be as in Theorem 1.1. Then the

following facts are equivalent:
Tr:WmX() —= L=(A,) (1.7)

X7 0) = L2 () (18)
|+ 2071+ <ow  (1.9)

x'(0,1)
In particular,(1.7) and (1.8) hold for any rearrangement-invariant

function norm |||l 5,10l xc0,1), provided thatm =n.m =n.
The proof of Theorem 1.1 relies upon a reduction principle for
trace embeddings, and corresponding Poincaré trace inequalities,
ensuring that any such embedding is equivalent to a one-
dimensional inequality for suitable Hardy type operator.This is the
content of the main result of this section.

Theorem 1.3. [Reduction principle for trace embeddings] Let

n,d,m,An,d,mA, be as in Theorem 1.1.Let |||lxc0. )" |50 1)

and |||y, 0)ll-llyo,1) be rearrangement-invariant function norms.
Then the following facts are equivalent.

(1)  The Sobolev trace embedding

Tr:-WmX(Q) — ¥Y(3,) (1.10)

holds.
(11)  The Poincaré trace inequality
|7 u"r[:l.ﬂ} = GlIVTullygy  (1.11)

holds for some constant C;,C;, and for every u € W™X(3).

ue WrxQ).
(111) The inequality
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J Zf, (1+2e)(1+2¢) *nd(1 + 2¢)
(1-26)d
r(0.1)

< CEZ" fj||m1} (1.12)
J

holds for some constant C,,C,, and for every nonnegative
f; €X(0,1)f € X(0,1).

Theorem 1.4. [Sharp iteration principle for trace embeddings] Let
Adbe an open set with the cone property in[R"™, n = 2. R", n = 2.Let
k,h,d€eNkhd{eNbesuchthatl=d<=f<nf=n—k
l=d=f=nf=n—-k and d=f—hd ={—h. Assume

that A; € A,.0; € A Let ||-llxco.13ll-llx0,1) be rearrangement-
invariant function norm.Then

(XE)" () = XEZR ). (1.13)

The validity of the iteration principle of Theorem1.4 in such a full
generality is quite striking. In fact, although iteration of Sobolev
and or trace embeddings,with optimal targets in subclasses of
rearrangement-invariant spaces, may Yyield sharp higher-order
results in customary settings (see e.g. ([22], [37]), this is not
always the case, especially when borderline situations are in
question.To verify this assertion, consider, for instance, the third

embedding in (1.3), with m = nm = n and € = 0e = 0, namely
Tr:W™(Q) = L= (,). Tr-W™L(A) — L= (A,).

If2 =d =< n,2 =< d < n, this trace embedding cannot be recovered
from a subsequent application of the first embedding in (1.3) with

m=n— 1m=n— 1 and of the second embedding in (1.3) with

m=1m=1 and d = nd = n, since this argument only yields
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the weaker conclusion
rr
W) — WHEQ,) — exp Lt (Ay).  (1.14)
Notice that both the trace and the Sobolev embedding in (1.14)
are optimal within the class of Orlicz spaces.The following

example is even more enlightening, in that it illustrates a variety
of situations which can occur after iteration of Sobolev trace

embeddings. Assume that n=3 m=2n=3,m=2, and
max{2,n— 2} = d < nmax{2,n — 2} = d = n. By the second
trace embedding in (1.3), with 1+e=7,1+e=73,
TrW?T() — exp Iz 0,).  (1.15)

Appropriate choices of mm and dd in the firsttwo trace embeddings
in(1.3)yield

W22() S Wie@Q,) - exp Lt (1), (1.16)
and

W2Z() - WX (L) = exp Lisi (Ay). (1.17)
Observe that

exp Li—z (A) € exp La (A,) € exp La=1 (&), (1.18)

where the fir§t inclusion is strict whenever (n,d) # (4,2),
(n,d) # (4,2), and the second inclusion is $trict if d < nd <n

. Thus, for these values of nn and d d, equations (1.15), (1.16)
and (1.17) yield different results, although all of them are obtained
from compositions of trace embeddings with optimal Orlicz
targets. Futhermore, only the first one has a resulting optimal

Orlicz target. On the other hand, in the special case when n = 4

n=4 and d = 2d = 2, the first inclusion in (1.18) is in fact an
identity, and hence the composition in (1.16) does yield a trace
embedding with optimal eventual Orlicz target.
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R. Function spaces
2.1. Spaces of measurable functions we shall now briefly recall
some basic facts from the theory of rearrangement-invariant spaces

(see [4]).

Let (R v)(R,v) be a finite positive measure space.We

denote by M(R,v)M(R,v) be the set of all vv-measurable
functions on RR taking values in [—oo,c0].[—o0,00].

We also defined M. (Rv)={ue MR v):u= 0}

M, (Rv)={ue M(R,v):u= 0} and
My(R,v) ={u € M(R,v): uisfinitev — a.e.on R}.
My(Rv)={u€ M(R,v):uisfinitev—a.eonR}. If R

R is a subset of R"R" equipped with the Lebesgue measure,

then (R,v)(R,v) will be simply denoted by R.R.Given

any function u € M(R,v)u € M(R,v), its non-increasing
rearrangement u”: [0,00) — [0, e0]u’:[0,90) — [0, 0] is defined as
w(l+2e)=sup{l —2e e Rev({x € R: lulx)| > 1—2€}) > 1+ 2¢}
w(l+2e)=sup{l —2ee Rev({x€R: |lulx)| >1—2€}) > 1+ 2¢}

for _?1 <e< m_?l < € < 00.We also define u**: (0,00) — [0, 0]

u”?:(0,0) = [0,00] as w1+ 2¢)= %f:”fu* (r)dr

+2e
o 1 1+2e __1
w(l+2e)=— | T wadr for — <e<oo
_?1 < e< oo, Note that u""u*"is also non-increasing, and
w(1l+2e) =u™(1+2eu"(1+26) = u™(1 + 2¢) for
_?1 < £ < m_?l < € < oo, Moreover,
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f o) (14 29d(1 4 26)
< f (142041420

+ J (201420 @)

for iE € > miz € >c0, for every uv€EM,(R V).
u, v € M, (R, v).Two measurable functions uu and vv on SS are
said to be equimeasurable (or equidistributed) if u* = v .u* = v°.
A basic property of rearrangements is the Hardy-Littlewood
inequality,which tell us that, if u,v € M(R,v)u,v € M(R,v),

then
v(R)

J (w0 d(x) < J w (14260 (1 + 29)d(1+26).  (22)
R

0
We say that a functional |[|-||g.1): M, (0,1) — [0,c0]
Il 0,1): M+ (0,1) — [0,e0] is a function norm, if for all f;, g;

fi,g; and {f,},en € M, (0,1){f, },en € M, (0,1) and every
0<a<o0<a<ow, the following properties hold :

POIZ. £l .. . =olX,All. .=0 if and only if
f=0leE gl = IIEf,II oo I+ 80 < leﬂll oot
Ef”Hj”X(M}

f=0ilos gl =alg gl 15 g 4ol <S il +
Zj||9;'||m1} :
(P2) f; =g,f; =g; ae implies ||fo}"x[u,1} < Ej"'gj"}f[l],l}
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"EPG"X[GJ} = E_l"”gj"ﬂm};
®3) £ 7 f  fu 7 f aeimplies|fllxo.n 7 ||Z; 5l

I £l 50,17 7 "Ejfr'"x(u,ﬂ;

(P4)  lllxe,1) < oll1llxco,1) < oo
(P5) a constant CC exists such that

ful i dv) = |7l

x(0,1)

x(0.1)
L2 f@av@=c|f].. ..
IE inja:idition, 7 xl0.1)
(P6) "ij}"}f[ﬂ_.l} - "E-jgj”X(u,l}"Ef’G”X(ml} = "ngjllx[u}l}

wheneverf,” = g..f" = g;,

we say that ||| x0.1) |l [l x(0,1) 1S @ rearrangement-invariant function
norm. Given a function norm||-||lge 1)l llxc,1), We introduce
another functional on M, (0,1),M,(0,1), denoted by |l-|lx" 0.1

Il +7¢n 43 and defined as

1
Z}j = sulp J Z}j—(x)gj(1+26]d(l+26].
F ngM+(D,1}I EJ' ‘gj“}s'(n,i} 0

x'(0,1) i

Then ||l 0,1y Il (0.1) is also a function norm on M, (0,1).

M, (0,1).We shall call it the associate norm of |||l xco.1) "l x0.1)
. Note that

"'"(x’}’[u,l} = ”'";f[u,ﬂ -(2-3]

Let ||-ll xc0.0 /1"l x0.1) be a rearrangement-invariant function norm.
Then the space X(R, v)X(R,v) is defined as the collection of all
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functions u € M (R, vu € M (R, v) such that the quantity
lullxz = v (v@Q+20)] ., (2.4)

is finite. The space X(R,v)X(R,v) is a Banach space, endowed
with the norm given by (2.4). With abuse of notation, if R = (0,1)
R = (0,1) and vv is the Lebesgue measure, we denote X(R,v)
X(R,v) simply by X(0,1).X(0,1). The space X(0,1)X(0,1) is
called the representation space of X(R,v).X(R,v). Given a
rearrangement-invariant space X,X,the rearrangement-invariant
space X'(R,v)X'(R,v) built upon the function norm||-|[x¢o 1)
Il % o,1) is called the associate space of X(R,v).X(R,v). It
turns out that X" (R,v) = X(R,v):X"(R,v) = X(R,v); hence,
any rearrangement-invariant space X(R,v)X(R,v) is always the
associate space of another rearrangement-invariant space X' (R, v).
X'(R,v). Futhermore, the Holder inequality

113, (1= 26)g,(1 —26)d(1—2) <%, |If |

1
fu Z‘J’G‘ (1- ZE)QI(I —2e)d(1 - 2e) iEJ’"’G"X[u’l}"g_f”f[u}ﬂ
holds for every f,g;€ M,(0,1)f;,g; € M,(0,1), and

z[u,l}"‘gf"x’ (0.1)

henc e uimfilu(xjv(x)ldv(x)ﬂIIullxm,p}Ilvllx*mm}

%mfﬂlu[xjv(x)l dv(x) < |lull gz lvIlx )

for every uu and vv in M(R,v).M(R,v). Let X(R,v)X(R,v)
and Y (R, v) Y (R, v) be rearrangement-invariant spaces. We write
X(R,v)=Y(RVv)X(R,v) =Y(R,v) to denote that X(R,v)
X(R,v) is continuously embedded into Y(R,v)Y(R,v). One

n 02022 g1lgi- £1443 a3all ga ~(ald) g pirellg Nilill 222l - Gygium g1) Gobao drolc dlao



Various Characterizations of Optimal Sobolev trace embeddings

has that X(R,v) c Y(R,v)X(R,v) c ¥(R,v) if and only if
X(R,v) V(R Vv)X(R,v)—=Y(Rv).

Note that the embedding X(R,v) — Y(R,v)X(R,v) = Y(R,v)
holds if and only if there exists a constant CC such that

IZ;9;ll < CZjllg;ll IZ; 9l < CZyllg;ll

¥io.a) — x(0,1) rio.1) —

for every g; € M,(01)g; € M,(0,1).

Moreover, for any rearrangement-invariant spaces X(R, v)X(R, v)

x(o,1)

andV (R, v)Y(R,v),
X(R,v) = Y(R v)X(R,v) = Y(R,v)if and only if
Y (R v)—=X(R,v), (2.5)

with the same embedding constants.Given any € = _?1,1’:' > _?1,

the dilation operator E(;,,.),E(142¢), defined at f; € M(0,1)
f; e M(0,1) by

(Eqs2af;)(1—26) =

is bounded on any rearrangement-invariant space X(0,1),X(0,1),

= } max{l, = }Hardy’s

1+2e 1+2e)’

Lemma tells us that if f;. ,f;. € M, (0,1),f..,f.. € M,(0,1), and

1+2¢

jlﬂfz,ﬁi (r)driZj f;, (r)dr for _?1«::: €<0,
0 7 I 0

t “h¥e n fulﬁj,:}i (rg;(rdr < Ejfulsz (r)g;(r)dr
ful 2if,@g;rdr=3; ful fi, (Ng;(r)drfor  every  non-
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increasing function g;:(0,1) - [0,00].g;:(0,1) > [0,00]. A
consequence of this result is the Hardy-Littlewood-Polya principle

which asserts that if the functions u, v € M(0,1)u, v € M(0,1)

satisfy
1+2¢

1+2¢ _1
j u*(r)d’r-c_ij v*(r)dr for ?{iE{U,
1]

0

then |[ullxz.) = IVllxzn lllxzy = IVIxw, for every
rearrangement-invariant  space  X(R,v)X(R,v).
Since v(R) < o0, v(R) < oo, for every rearrangement-invariant

space X(R,v)X(R,v)one has that
LZ(R,v) = X(R,v) = L*(R,v). (2.6)

Throughout, we use the convention that Z=02=0.
A basic example of a function norm is the Lebesgue norm

lI-ll ¢1+ea-e1¢g 1 )oll- |l 2 4€1-e1q 1), defined as usual for 0 < € < oo,
0=e=<oAssume that —-1<ge=—w—-1<¢ge=—omo.

We defined the functional ||-|| Lu:1+s,1—s}-.[m}||'||L(1+s,1—s}(m} by

15| rensorg = |0~ 20F 5, 0~ 20)

t'1+e(p,1)

||EIJG||L(1+E,1+E}{HJ]J = ” (1 o ZE)(m_—;) Ef’f_}* (1 - ZE) (140 11
for f; € M, (0,1).f; € M, (0,1)If either 0 < e < o0 <e <o
and 0 —e=m»0<-—-e<om, or e=0e=0, or €= oo,

e = oo, then |||l c+erseg yll-ll 1se100¢, ) 15 equivalent to a
rearrangement-invariant function norm, and

(L[1+E,1—E})’(U.!lj — L[1+E};’[1_E}; (0,11 (27}
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We further define the functional ||-|| c+e1-e1(p Il 2 +ea-e1g 1) @S

128 we-eiy = 1= 20T -2

12,5, cveno, o = ||@ — 2075, £ (1 - 20
for f; € M, (U,l].f} e M, (0,1).
If either —1<e<ow—1<e<owand 0 =2 €= o,0 =€ = oo,

L-i —E [u.-ﬂ

or £ = COf = 00, - then"-||L(1+E’1+E}(D,1}"-llL(1+E’1+E}[G,1} 1S
a rearrangement-invariant function norm (see e.g. [31]

Theorem 9.7.5). The norm |||l ci+e1-e1g Il ;2 +61-e1y ;) and
-l Lclﬂ,i_s}mﬂll-ll L(1+e1-6)q ;) are called Lorentz function norms,
and the corresponding spaces LU+e1-€) (R, y)L1+e1-€)(R 1)
and LA+e1-€)(R y)L(1+€1-€)(R ) are called Lorentz spaces.

Suppose now that —1 < ge=m—-1<ege=o and o €R

a € R. We define the functional "-"L(1+E’1_E}=H(ﬂ,1}"-"L(1+E’1_E}=H(D,1}

by
)
il

1+51—Ehﬂ(u1}

_lla _g.;)(ﬁﬁhugﬂ( )Z fr(1-2¢) (28)

]
1-2¢

for £, € M, (0,1).f, € M, (0,1).
For suitable choices of (1 +€,1 —€),(1 —€),a, ||| ja+ea-eraq 1

(1+€,1-¢€),(1—6)alllla+er-eragy, is equivalent to a
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function norm. If this is the case, ||| L+er—eha(g 1) [I-11 pli+ei—ea(g 1)

is called a Lorentz-Zygmund function norm, and the corresponding
space LO+el-eka(R v)L'[”E*l_E}“" (R, v} is called a Lorentz-

Zygmundspace. The space L™T#zeé n' (A )L" 0= n *(Ay)

mentioned in Example 5.6 is the so-called generalized Lorentz-
Zygmund space corresponding to the function norm given by

Zf;

E_.
Lm

_m
n'

= [|(1-2¢)T10g™ ( ) (10g(1+10g (= _lzf (1

- 2¢)
L%(u,ﬂ
for 3; f; € M, (0,1)%; f; € M, (0,1) (see [29],[20],[31],Chapter

9).The following inclusion relations between Lorentz spaces hold:
L[1+E,1—E} (U‘, 1) — L1+E (0] 1) (2 9)

for0 = e <o0;0 <€ < oo
[ a+e1-e) (0,1) - [(+er) (0,1) (2.10)

fls=sl—-e<r=omlsl—€e=<r<oo
L[1+E,1—E}(U,1:}_}L[1+E,1—E}(U,1:} (2.11)
for0=se=mlzecz—mwl=e<o,0=2e= —o;

if either 0 < e <l <e<omw and 1 =e<0w,1 <e<o, or
€ = oo, (2.12)e = oo, (2.12)
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then [ Q+e1-e) (0,1) = [a+e1-e) (0,1)
LO+e1-€)(0,1) = LU*e1-9(0,1) up to equivalent norms;
(L=1-=-1)"(0,1) — [ Q+eli-e) }(0,1] (2.13)

for e << 0,6 < 0,up to equivalent norms. For the last property, (see
e.g. [33)).

A function A: [0,00) — [0, 0] 4: [0,00) — [0, 0] is called a Young
function if it is convex (non trivial), left-continuous and vanishes

at 00. Thus, any such function takes the form
A(1-2¢) ful_zfa(ﬂd'r Al —2e) ful_zfa(ﬂd'r for

€=, (214)e=1 (214
for some non-decreasing, left-continuous function

a:[0,00) — [0,00].a: [0,90) — [0,00]. The Luxemburg function
norm |||l e yll-ll;4,1) 1s defined by

: ifi(1-2e)
5 Al = 0> 0 ACEE2) a0 20 1)

IZ; 5l agy o, = {2 > 0: [} 4(RL222) a1 - 20 < 1},
for f; € M, (0,1).f; € M, (0,1).

The corresponding rearrangement-invariant space L4(R,v)
LA(R,v)iscalledaOrliczspace. In particular, L4(0,1) = L**<(0,1)
L4(0,1) = L*<(0,1) if A(1—2e) =(1—-2e)
A(1—2e)=(1—-2e)'*" for some 0 =e< o0 =<e<om,
and L[4(0,1) = L*=(0,1)L#(0,1) = L=(0,1) if A(1—2e)=0

A(1—2€e)=0 for iieiﬂ%ieiﬂ, and A(1—2e)=oo
A(l—2e)=o for €= 0.e>0.
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Given two Young functions A 4 and BB, the function norms

Nl 2o, 13l l 4o 1y and [l-ll 20,1311l 0.1y are equivalent if and
only if AA and BE are equivalent near infinity, in the sense that
there existconstantsc = 1c = land (1 — 2€), = 0(1 — 2€), = 0
such that

4(=%) =B -20) = A(c(1 - 26))

4(=%) = B(1-26) = A(c(1 - 26)) for

(1—-2e)=(1—-2€),.(1—-2€) =(1—2¢),.
A common extension of Orlicz and Lorentz spaces is provided by a

family of Orlicz-Lorentz spaces. Given 0 << € < 00,0 = € > —o0o

0 < e < o0,0 = € > —oo and a Young function DD such that

“© D(1— 2€)
2 d(1-26) <
A—zomd1-2<e

we denote by ||l z1+e1-e.0000.0) 1" l14e1-.0)(0,1) the Orlicz-
Lorentz rearrangement-invariant function norm defined as

)y
i Li+e1-€e0)(0,1)

for f; € M, (0,1).f; € M, (0,1).The fact that (2.2.15) actually

defines a function norm follows from simple variants in the proof

“lla+ 2.;)1—1:2 (1 +20%) (2.15)
i

1P(p,1)

of ([10], Proposition 2.1). Given a measure space (R, v)(R, v),we
denote by L(1+¢€,1—¢,D)(RVIL(1+¢1—¢€,D)(R V) the
Orlicz-Lorentz space associated with the rearrangement-invariant
functionnorm |||l ;1 +,1-e.03(0,1)- 'l 2¢1+ €. 1-€.0(0,1)- Note that this

class of Orlicz-Lorentz spaces includes (up to equivalent norms)
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the Orlicz spaces and various instances of Lorentz and Lorentz-
Zygmund spaces.

2.2 Sobolev spaces. An open set AA in R"[R" is said to have the
cone property if there exists a finite cone AA such that each point
in AA is the vertex of finite cone contained in AA and congruent to
AA. An open set AA is called a Lipschitz domain if it is bounded
and each point of dAdA has a neighborhood UU such that
ANUANTU 1s the subgraph of a Lipschitz continuous function
of (n—1)(n—1) variables. Unless otherwise stated, in the
remaining part of the section AA will denote a bounded open set
in R"R™ with the cone property. Let m € Nm € N and let X(2)
X(2) be a rearrangement-invariant space.We define the mim-th
order Sobolev type space WX (Q)W™X(A) as W™X(A) = {u:u
W™X(A) = {u:u is mm-times weakly differentiable in A,4, and

|VFu| € XD |VFu| e X() for k=0,..,m}k =0,..,m},
equipped with the norm [[ullymxpy = ';:":ﬂ"?ku"}fm.

lullymxon = 'ELD"?“H”XW .Here, V™ uV™u denotes the vector
of all mm-th order weak derivatives of uu. In particular, VOuV°u
stands for uu, and V2*uV*u will also be simply denoted by VuVa.
The subspace WX (WX (A) of WX (R)W™X(A) is defined
as

WrX@Q) = [uE WmX(l]:j?ku dx=0, for0=k=m-— 1}.
A

The notation V™X(A)V™X(A) will be employed to denote the
space

VX (A) = {u:uV™X(Q) = {uzu is  mm-times  weakly

b2022 gulgu--1443 daall g3 -(ald) ygpirellg pilill 222l - &igiw g1) Gosao drolc dlao m




Isam Eldin Ishag Idris - Fadool Abass Fadool

differentiable inA,, and |V¥u| € XV}, |V*u| € X(W)}, equipped
with the norm  ||lullymypy = EE;}"?*‘H"EW + IV™ull 5 0 -

laellym ey = E"';:":}l||‘?ku||bim +IV™ullg i -

Notethat,ifu € V™X(A)u € V"X (), then|V™u| € X(A) < L1 (Q),
[V™u| € X(A) < L*(A), by property (P5) of rearrangement-
invariant spaces. Hence, one actually has that |[V¥u| € L*(})
|V¥u| € L*(Q) for every k =0,...,m—1k=0,..,m—1,by a
standard Sobolev embedding on open sets with the cone property.
The subspace WX (A) WX (A) of V"X(Q)V™X(A) is defined
analogously to WmX(Q)W™X ().

The spaces W™X(W)W™X(A) and VmX(WV™X(A) are easily

verified to be Banach spaces. In fact, they agree, up to equivalent
norms.

Proposition 2.1. Let A4 be a bounded open set with the cone
property in
R',n=2R*"n=2, let meNmeN, and let |[|lx0n

I'llx0,17 be a rearrangement-invariant function norm.
Then WmX(A) = V™(A)W™mX(A) = V™(1). Hence,

WrX(A) = VXWX (4) = VX(4) as well.

Proposition 2.1 is a straightforward consequence of ([17],
Proposition 4.5) and of the fact that the isoperimetric function of
any bounded connected open set with the cone property behaves

like (1426 w(1+26e)'n as (1+2¢€) - 0+(1+2¢€) — 0%
([26], Corollary 5.2.1/3).

The next result deals with the equivalence of Sobolev and Poincaré
trace inequalities.
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Proposition 2.2. Let A4 be a bounded connected open set with
the cone property in R",n = 2.R",n = 2. Let m € Nm € N and
d€ENdeNbesuchthatl =d<nl<d<nandd =n—m.

d=n—m.Let|llxo) I'llx0n and  [I-llyc,1) IIlly,1) be

rearrangement-invariant function norms.
Then the Sobolev trace embedding

Tr:WmX(1) — Y(4,) (2.16)
holds if and only if Poincaré trace inequality
ITrullycay = CNV™ullxn (2.17)

holds for some constant CC,andeveryu € WX (A)u € W X(1).
An ingredient in the proof of Proposition 2.2 is a (first-order)

Poincaré type inequality which ensures that, if A4 is a bounded
connected open set with the cone property, then there exists a

constant € = C(A)C = C(A) such that
[l xcay = ClIVullxea (2.18)

foranyr.i. functionnorm ||-|[ ¢ ||| ¢z and foreveryu € W™ X(2).
u € W™ X(4).Inequality (2.182.18) is established in ([8], Lemma

4.1) in the special case when A4 is a ball. It proof makes use of

a rearrangement type inequality for the norm ||Vul| x| Vullxcx)
which holds, in fact, for Sobolev functions uu (with unrestricted

boundary values) on any bounded connected open set A4 with the
cone property ([15], Lemma 4.1 and inequality (3.5)).The proof in
the general case is completely analogous, provided that balls are
replaced with an arbitrary bounded connected open set with the
cone property ([19].

Proof. Assume that (2.12.1) is in force.Given k € M,k € N, denote

by P*P¥ the space of polynomials whose degree does not exceed k
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k. Given any u € W™ X(A), u € W™X(3), there exists a (unique)
polynomial P, € P™~1P, € P™ 1 such that u — P, € WX (2).
u— P, € W"™X(R). Moreover, the coefficients of P, P, are linear
combinations of the components of

Jgn VFudx, [, V¥udx, for k=0,..,m—-1k=0,..,m—1,
with coefficients depending on nn and mm. Thus, given any

ueWmXMWu e Wwmx@,
ITrullyoy < 1Tru=Pillvog + 1B lvag = 1Tr w=F)llroy + IRllvoy

< ClIV™ull gy
m-1
£y f Véu]dx ; st .l
ko heNU{OTEL =k
m-1
< C[[V™ullyg) + Z ¢ J|‘?*"u|dx
k=0 A
m-1
<Pl + ). € o] Pl < " lullymgy,
k=0

where C Cis the constant appearing in (2.2.17), and C’,C"

C',C" and C"'C"" are suitable constants depending on n, mn, m,

Agll-llyco.13: C- Agll-lly 0,1y, €. Embedding (2.16) is thus established.
Conversely, assume that (2.16) holds. An iterated use of the
Poincaré inequality (2.18) tells us that there exists a constant

C=C(m,A)C =C(m,A) such that
"u"x[;i.} = C"vu"x{;k} = Czllvzu"xm == Cm"?mu"x[).} (2.19)

for u € WmX()u € W™X(A). Inequality (2.17) follows from
(2.16) and (2.19).
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3. Preliminary technical results we say that an operator
T:M,(0,1) - M, (0,DT: M,(0,1) - M,(0,1)

is bounded between two rearrangement-invariant spaces X (0,1)

X(0,1)and ¥(0,1),Y(0,1), and we write

T-X(0,1) - ¥(0,1), (3.1)

if the quantity
Il = sup{ITZ, £l ,:f; €XOD N2 O, [Z5], . =<1
Il = sup{[ITZ, £, i/ €XODAMOD,[Z, 5] o =<1]

is finite. Such a quantlty w111 be called the norm of TT. The space
Y (0,1)Y(0,1)will be called optimal, within a certain class, in (3.1)
if, whenever Z(0,1)Z(0,1) is another rearrangement-invariant
space, from the same class, such that T:X(0,1) — Z(0,1)
T:X(0,1) - Z(0,1), we have that Y(0,1)— Z(0,1).
¥(0,1) — Z(0,1). Equivalently, the corresponding function
norm |[|-|lye 1)ll-llyo,1y Will be said to be optimal in (3.1) in
the relevant class.Assume that T,T':M,(0,1)— M, (0,1)
T,T': M, (0,1) = M, (0,1)

are operators such that

[ TE,f (1+2€)g;(1+26)d(1+26) = [ L, (1+26)T'g,(1+26)d(1 +2e)

[ TL,f (1+26)g,(1+26)d(1 +2€) = [ T, f, (1+26)T'g,(1+ 2€)d(1+ 2€)
for every f;, g; € M, (0,1) f;, g; € M, (0,1).

Let X(0,1)X(0,1) and Y(0,1)Y(0,1) be rearrangement-invariant
spaces. A simple argument involving Fubini’s theorem and the
definition of the associate norm shows that

T-X(0,1) - Y(0,DT:X(0,1) - ¥(0,1) if and
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only if T'-X'(0,1) = Y'(0,1) (3.2)
T':X'(0,1) - Y'(0,1) (3.2)

and ||T|| = (IT'NITI| = IT"|l (see e.g. [17], Lemma &.1).

Let w:(0,1) = (0,00)w:(0,1) = (0,00) be a measurable
function, and let 0 >¢e > —o0 >¢>—oo be such that

|w(1—26)(1 —28)49| < o, (3.3)

L*(0.1)
(1 =201 =280 | o, ,, < o (3.3)
We define the operators Ji, 1_a/(wi1—e) a0d Jiy 1—afiwi—e) at

every g, € M, (D 1)g, e M,(0,1) by
Jiwi-09;(1-2€) = J 1+2€]ZgJ (1+2e)d(1+2e),

(1- 25}1 -c

Jto1-00,(1-26) = w(1- 251(3.4)

For - «=:: e<0.> —<€e< 0.Assume that ||-|lxc0 103l llx01) 1S @
rearrangement Linvariant function norm.

We then define the functional ||||.r . 3l & 50.1) by

Z*gf - Em,l—f}zg; (3.5)
J

X{pa1_e(0.1) J x'(0.1)

for g; € M, (0,1)g; € M, (0,1), where |||l x(0,0)Illx0,1) is the
associate norm ||-|| 4. 1)- -/l xco,1)-

Proposition 3.1. Let w:(0,1) — (0,00)w:(0,1) — (0,) be a
measurable function, and let

1> €> —o0l > e > —oco. Assume that (3.3) holds. Let |||l 40,1}

I-llx.1) be a rearrangement-invariant function norm. Then the
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functional |- "z( 501 B "-’f(m (0.1 defined by (3.5),

rearrangement-invariant function norm. Moreover, on denoting by
-l X(m_s}mﬂll-ll X(wa-e0,1) the rearrangement-invariant function
norm whose associate norm is ||-|| XE@,J.—E}[H’I}]"-" Xl 101
one  has that  Jiu1-0:X(0,1) = X, 1_0(0,1)  (3.6)

}I[m,l—f}:X(Ufl) - X{m,l—f} (011} (3.6)
with norm not exceeding 1, namely,

1
J( m(1+ZE)ZgJ (1+2e)d(1+2¢) 52”91"3(9’1}

1- th -€ -
X(wa-¢)(0.1) !

for g; € X (D,l].gj € X(0,1).The function norm ||| X(ore)(0.1)

I-ll %, 0.0)is optimal in (3.6) among all rearrangement-invariant
function norms.

Proof. We begin by showing that the functionalll-|| Xl y1—o©0.1)

-l Xl 1-0(0.1) satisfies axioms (P1)-(P6) of the definition of
rearrangement-invariant function norm. Letf;, g; € M, (0,1).
fi,g; € M,(0,1). Then, by (2.1),

(1—2e)17¢
J Z (f; +gj)*(1+2f:']d(1+2€j£ (1+2¢)
] i

+ f;l_zf}l_
+ fﬂ[l—EE}i

3, 9; (1+26)d(1+ 26)
2;9; (L+2e)d(1+ 2¢) for E{E{U <e<0.

Hence, owning to the Hardy-Littlewood-Pdlya pr1n01ple
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D 5+g, <Dl oot 2oy o
] i

Xl{;m,i—s}[u*ﬂ g
This proves the triangle inequality. The remaining properties in
axiom (P1), as well as axioms (P2),(P3) and (P6), are trivially

satisfied. By (3.3) and (2.6), there exists a positive constant CC
such that

||X(u’1}||3(,m,1—s}(u,1} = llo(1 - 2€)(1 - 26}y o)
< Cllo(1 - 2€)(1 ~ 26)* |,y <

whence (P4) holds. To verify (P5), first note that there exists a
positive constant ¢, depending only on (1 — €)(1 — €), such that

L
Iy
—(1—€)

2y (1 +200d(1+28) = ¢ [M3. g7 (14 26)d(1 + 2¢)
0 Jg} 1] J'gJ

for every

g; € M, (0,1) g; € M, (0,1) Thus, by (P5) for the function norm

Nl ea 101l 57 ca 17, there exists a positive constant ¢’¢’ such that

(1-2e)t7¢

}Ejg} (1+28)d(1+2€)= c [ 3, g; (1+2€)d(1 + 2¢)

w(l— 26][

0

) g+ 20)d(1+2)
I

x'(o1)

1 (1-2e)*7¢
> "’f m(l—ZE]J ) g1+ 20)d(1+ 26) d(1- 26
0 0 "
b]

1 g—l1-e
> ¢ J ol - 26)d(1 - 2¢) f
i 0

ral

)
Z g (1 +26)d(1+2¢)
i

1
CHJ Zg; (1+2€Jd(1+2lﬂ
°
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where ¢ =c' [, w1 —2e)d(1 - 2¢),

¢"=c'[; w(1—2€)d(1—2¢e), whence (P5) follows [19].
We shall "now show (3.7). By (3.2) and (3.4), this is equivalent

to establishing that Ji, ,_ oJi 1 ot X1 0(0,1) = X(0,1)
X, ,_(0,1) = X'(0,1) with constant not exceeding one, that is,

(1-2e)7¢
w(l- ZEJJ Z g; (1 +26)d(1 + 2¢) < Z||gj||x(,m)1_s}m} (3.8)

oy
for g; € M,(0,1),g; € M,(0,1). By the very definition of the

norm ""Y An ﬂ:"'"srf NGRAT

o1~ 26) fﬁ EE”ZQJ a+20d0+29|  =[) g,

x'(0.1) U N (%
for g; € M, (0,1)g JEM, (0,1). Moreover, by the Hardy-
Littlewood inequality (2.2) and property (P2) of the norm ||| 4 (0,13,

"'"x’fn.ﬂ:

ZElE

m(l—ZEJJ ZgJ (142e)d(1+2¢)
x'(0,1)

(1-2¢)t7¢
< [lot-2¢) f ZgJ (1+2)d(1+ 26)
x'(0.1)

for g; € M, (D,l).gj € M., (0,1). Hence, (3.8) follows.

It remains to prove that [ llx, ool llx,, 500 18
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the optimal rearrangement-invariant function norm that
renders (3.6) true. In order to verify this fact, assume that

Iy 0,03 Il (0,1 18 another rearrangement-invariant
function norm such that [, ;_o:(0,1)X(0,1) — ¥(0,1).
Jiw.1-:(0,1)X(0,1) — ¥(0,1). Then, by &)
Jtwi-0: V(0,1 = X'(0,1) ], ,_o:Y'(0,1) - X'(0,1),

namely "L[m 1-e) 2aj HJ"X o) = Cx; "91”

v'(0.1)

|U{m 1—5}2 QJ" %' (0, ﬂ cCx ||g1|| for some positive

¥ (0.1)
constant CC and every g; € M, (0,1).g; € M, (0,1). Hence, by
the rearrangement-invariant of the space

¥'(0,1), |Ufm,1_._=} 2;9; " ) "g; " "EJ 9j "

Y’ (U‘,])!"]Em,l—f} Ejg_: "X (0. 1} E "cg_: ¥’ (0, 1} "E gJ'"Y (0.1)
for every g; € M, (0,1).g; € M, (0,1). Coupling this inequality
with (3.5) shows that

1%, 95l xl,, 0D~ CEllgsll
llzj‘gjllﬂfm 00D < sz"'gf"r’[u,ﬂ for some positive constant

x' (o, 1} ¥’ (0, 1} ¥ (0.1)

¥ (0.1)

CC and every

g, € M. (0,1),g, € M, (0,1),namely, ¥'(0,1) - X(,,,_,(0,1).
¥'(0,1) = XL, ,_,(0,1). Thus, by (2.5), X¢,, ;_» (0,1) = ¥(0,1).
X(w1-9(0,1) > ¥(0,1). This proves that [Illx,, .0

I-llx,,-o(0.0) is the optimal rearrangement-invariant function
norm such that (3.6) holds. The proof is complete.The next two
lemmas contain auxiliary results of technical nature.
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Lemma 3.2. Let p € M, (0,1).0 € M_(0,1). Suppose that there

exists a positive constant CC such
1-2¢

Q(l—ZE]_—j o(1+2e)d(1+2¢) (3.9)

for i-::e«::(}%-::e::(}.

Then, sup  g;(1+26)o(1+26) < C(g}g)“(l—ZE)

1-2e=14+2e=1

sup g}(l+2€)g(1+2£} < C(g}g)“(l—ZE) for

1—2f=14+2#=1

}: €< 0% <e<0, for every g, €M(0,1)g; € M(0,1).
Proof. By (3.9) and the monotonicity of g;,g;,

f(1'+'ZEJ 1+2¢
sup  gi(1+2e)o(1+2)<C  sup J f o(r)dr
0

1-2ez1+2e21 1-2e=1+2e21 1 2

1+2¢
<(C s J Z (ro(r) dr
1- zf=:1EzE~<1 1+2e gj °

for % <e< U.% < € < 0.0wing to the Hardy-Littlewood

inequality (2.2),
2i9; (Me(dr = }; _f Ej(g}g)*(r)dr
IUHEE 2 g; (o (r)dr < 2 f Z;(g}g)*(ﬂdr for

_?lﬁifﬁi(}.?{::ffi(}. Hence,

1+2¢ 1+2¢
Jo

1+2¢
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1 1+2¢ .
sup g}(l+2£)g(1+26}£€ sup —J Z(g;g) (r)dr
0

1-2e142e1 1-2es142ec1 L+ 2€ :

C 1-2¢ \ "
ZEJ Z(g}g) (r)dr=C(g;0) (1-2¢)

I

for><e<0-<e<0.
Lemma 3.3 (i) Let 8 = —1.8 = —1. Then there exists a constant
C=C(8)C = C(A) such that

1+2esrsl-2¢

1-2e
J sup rEZg} (r) |d(1+2¢)
0 .
1

<C f ) E(1+zEJHZ g (1+29d(1+290  (310)
0 i

for every g; € M,(0,1)g; € M,(0,1) and everyi <e<0.

lee<.
2

(1) Let0 <8 <1.0<8 < 1. Then there exists a constant
C=C(@)C=C(0) such that
1-2¢
f (1+2e)%  sup (ng;_ [T])d(l +2¢)
0 1+2ezr=1-2¢

1-2¢
st g;(1+26)d(1+ 2¢) (3.11)
0

for every g; € M,(0,1)g; € M, (0,1) and every if-‘: e < 0.

lee<o.
2
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Proof. (i) Fix % <e< D.i < € < 0.Inequality (3.10) can be
rewritten as

J A01-2¢) (1+2e) sup (Tg;f(m—zf} (T)g} (Tj)d(l +2¢)
0

14+2esr<m

<C J (1426 101+ 20)g;(1 + 200
0
+2e). (3.12)

By ([23],Theorem 3.2), applied with
e=0, ul)= TBX(U,I—ZE} (r), w(1+2€)=x1-20)
v(1+26) = (1+26)°y(0 1-20(1+ 26),

a necessary and sufficient condition for (3.12) is the validity of the
inequality

JT( sup u(‘r])m(l+2€)d(l+2€)£C’Jrv(l+26]d(1+26] (3.13)

142e2rsT

for0<t<1l0<t<1,

for some positive constant C'.C". A close inspection of the proof
of ([23], Theorem 3.2) reveals that CC is just an absolute constant
multiple of C'.C". It is easily verified that (3.13) holds with C'C’

depending only on &,8, and hence CC as well.
(11) The same argument as 1n the case (1) can be used, but now with
e=0, ul)=r%01000), ©(1+26) =y 1001+ 26)(1+2€)°,

v(1+26) = Yg1-00 (1 + 26).

We now state and prove two key one-dimensional inequalities to
be used in the proofs of our main results.

Theorem 3.4. Assume that @, ;7,6 € (0,%0)a, 5;v,8 € (0,0)
are such that
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y+éd=1 a+pf=1 y+é6=1 a+f=1 and
@+ By <1. (3.14)a + By < 1. (3.14)
Then there exists a positive constant € = Cla,pB,y,d),
C = C(a, B,y,6), such that, for every rearrangement-invariant
function  norm ||-llxco 1 ll"llxca 1),

(I—EE}'B

(1-2e)*! J

0

vl J: Zg} (r)dr| (1+2e)d(1+2¢)
J

x(0,1)

o
<C (1—26]“+5Y‘1J Zg} (r)dr (3.15)
v x(0,1)
for g; € M, (0,1).g; € M, (0,1).
Proof. We begin by defining the operators J] and J']’ by
Jg;(1—2€) = f{l AL +207 71T, g,(1+ 26)d(1 + 2€)
1-2e

Jg;(1-28) =1 1(1+2)°*Fr~1F g.(1+28)d(1 + 2¢)

(1—2£)88
1 1
for E‘fiE{iUE‘fiE{iU, and

]’gj(l —2€)

_ (1 2e)whr-t J

0

(1-2¢)B8

1
Zgj(1+26)d(l +2¢) for i«: e<0
j

for g; € M, (0,1).g; € M, (0,1). Denote by [Illx , o.)ll"llx (0.2
the functional given by

||Ej-gf"1fp[u,1} - "f Ef‘g;"z'[u,ﬂ
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||E;.9;"X';[M} =7 E;g}"xmﬂ for  g; € M,(0,1).

g; € M, (0,1).
Then the first two inequalities in (3.14) guarantee that (3.3) holds
with

1 — (1 —2e)tBy-1
m(z{E{:[}) (1—2¢)
w(i<e<0)=(1-20#* and 1—€=p51—€=ps.

Therefore, by proposition 3.1, the functional ||-|| 'y o.nllllx 10.1)
1S a rearrangement-invariant  function norm, and
2.7
i

for g; € M, (D,l].gj € M,(0,1). Set =1

<D Milleey 316
J

I
X (0,1}

_ 1-(a+py)
88

61— 1—(a+By) v
B 5

Assumption (3.14) ensures that 0 <n <=6 <10<=<n<6 < 1.

Therefore,
(1-2e)™ sup (1+2€)7g;(1+ 2e)

1-2e=1+2e=1

=(1-26)7" sup (1+26)"°(1+26)g;(1+2¢)

1-2e=z1+2e=1

=(1-26)% sup (1+26)g;(1+26) (3.17)

1-2e=1+2e=1

and n=1—1%:.r}=1—

for =< e < 0 for i <e<Oand g; € M,(0,1)g; € M,(0,1).
We c;iaim that there exists a constant

C=C(a,pB,y,6)C =C(a,f,v,5) such that
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(1-26)°  sup (1+26]BZg} (1+2¢)
1-Zez1+2esl -
! xy01)

<) lol, o, 61
I

for g; € M, (D,l).gj € M, (0,1). To verify this claim, fix any
such function g, and begin by observing that, by the definition of

the norm ||-|lx_co.1y.ll-llx (017 we have that

(1-2e)%  sup (l-l-ZE)BZg}(l-I-ZEJ
I

1-2e=1+2¢21

x0.1)
=1l(1
(1-2¢)P8
— ZE]MM_lf (14+26)° sup rHZg} (r) |d(1
0 1+2ezr=1 .
j
+2¢) (3.19)

x(0,1)

Next,
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(1-2¢)P8
-8 2] %
L 14207 swp (1) g0 1420

142e2r=1

(1-2¢)F6

EL (1+2e)°  sup THZg} (r) |d(1+ 2¢)

1+2esr<(1-2¢)80

(I—EE}'BS

+  sup rgg}(r)J (1+42¢)

(1—2.5}3551‘51 0

142ezrz(1-2€)86

(1—26}'6'5
_ L (20 s |17} i) |l1+29
i

+—(1 26)F80-0)  gpp r’g;(r)
1-6 (1-2¢)fdzra1

for :: e < 0. 1 < € < 0.By inequality (3.11),
f(l 2 (1+2¢)%  sup (raﬂjg} (‘r])d(1+2£] <
1+2esrs(1-2¢)88

c[*g, g (14 200d(1+ 26

(1-2¢)88
f,

(1+2e)%  sup (Taﬁjg;. (T])d(l+2£] <

142ezrz(1-26)88

c[*"g g (14 2001+ 26

forifr:eﬁﬂ%«c::eﬁﬂ,
for some constant C = C(a,B,y,6).C = C(a, B,y,5). Thus, by

the definition of &,8,
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(1-2¢)P8
J (1+26)% sup (rf)d(1+2e)
0

1+2ezrsl

(1-2¢)f
<c f ) g1+ 26)d(1+2)
0 .
]

+(1-2e)@ ) qyp r’g;()
(1-26)f02ra1

for loec< II],1 < € < 0,where C' = max {C —}
2 2 g

C' = max {C , %H} On making use of this inequality in (3.19), we
obtain that

(1-2e)%  sup (1+2£)BZg}(1+26]

1-2e21426e21
X (0,1)

(1-2¢)F8
< 0'|[(1-2e)0r-1 f Y g+ 29d01+20)

0 -
]

+ sup 10g;(0)
(1-26)fb2ra1
x(0.1)

=C'||(1- ZEJHESng* ((1-20f)+  swp  19g;(r)
(1-26)h8<r=1
x(0,1)

<2C"|| sup TH'ESZQ“ (%) . (3.20)
1-2ezrzl

x(0,1)
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By inequality (3.10), with 88 replaced by 858,686, and (2.2),
there exists a constant
C=Cla, B,y 6)C =C(a pB,y,J) such that

1-2e
J sup 798 Z g7 (1#)d(1+2¢)
0 j

14+2e27=1

1—2
< CJ (1+26]9352g“ (sP8)d(1+2e)
0

< cf N (1+2£]95529}*((1+25]55) (rdr (3.21)
° j

for % <e< U% < € < 0. On the other hand, by the monotonicity
of the function T = g**(7#%)t ~ g**(7F%) and (2.2) again,
1 T
(1-2¢) sup raﬁag}*(r“) =(8B6+1)(1-2e) sup g“(rlga)TJ r#dr
0

1-2ez1=1 1-2ez1=1

<(0p5+1)(1-2¢) sup —J 93529** (r#8)dr

1-2e721 T

< (8p5+1)(1

¥

-2€) sup —J (1+2£]95529“ (1+ZE]55) (r)dr

1-2ez721 T

— (8p6

#

+1Jf N (1+25J95529;* (1+20)F%) ar  (3.22)
0 j

forif::e«c:ﬂ%{::e{ﬂ.
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Owing to (3.21) and (3. 22)
IOHE[ sup 7% % g7 ( Iﬁa] (Ndr=["" sup 9Py g7 (P )d(1+
1+2ez7=1 1+2ez1=1

Ze)ifu_zf sup  1°F0 ) g**(r“)d(l+26]+(1—

1+2e=z121-2¢

2€) sup rgﬁag}*(‘rﬁa)i Cf [(1+26]9552 g/ [(1+26]55)] (r)dr

1-2ez1=1

F7 s #5507 ()] Or= [ s 9507 (50)ac1+

1+2ez1=1 1+2ez1=1

ZE}EL_EE sup  THEY. g“(r“)d(1+26]+(1—

1+2e=1=1-2¢
26)1_2525119559}*(155) < Cf [(1 +26)%0 % g ((1+ 26)P)| (ndr
for><e<0-<e<0.

for some constant C = C(«, B,y,6).C = C(a,B,y,8). Hence, by
the Hardy-Littlewood-Polya principle,

sup  (1+ 26)95529}* ((1+2¢)%%)

1-2ez1+2¢e=1
x(0.1)

<C||1- 25)95529** (1-20F)|| =c¢ ZgJ ,
1{0,

x(0,1) 1)

and (3.18) follows from (3.20).

Now, fix any nonnegative function g; € X;(0,1).g; € X, (0,1).
By the definition of associate space, (2.3), and Fubini’s theorem,
we get that

n 02022 g1lgi- £1443 a3all ga ~(ald) g pirellg Nilill 222l - Gygium g1) Gobao drolc dlao



Various Characterizations of Optimal Sobolev trace embeddings

(1-26)f

#

¥l f Zg}* (r)dr| (1+2e)d(1+2¢)

x(0,1)

(1-2e)*! f

0

= sup J Z f:,
f}EM+ 0 1}||E_Jf_r"

(I—EE}'E

*

- 2e)(1-2¢)* -1 ’ g:(rdr| (1+2e)d(1
(L3

0

+2€)d(1-2¢)

1 18
_ sup J -1 J Zg}* (ndr| (1
fiEM"'(O’ﬂ"Efff"X’(u,i}ﬁi 0 ¢

+ ZE]J%Z)@ (1-26)(1-2e)*2d(1-2e)d(1+2¢) <
T

1
sup J r?"lJ r7 sup p’fZgrJ (p) |dr

F1E @ OIZ; £l g1 e, 70 repsl

+2.§]Ji (1 26)(1-2¢)*1d(1-2¢) ds. (3.23)
Sﬁ

. & IiJ. ;r;}ﬁ' 1— (1—:;}6 11—y
Since f; rdr = — : f "1y = = j_ )
the function 1 1 1

T'E
0,3t 1Vt j ™" sup | p" ZQ} (p) |dr
0 r=p=l i

is non-increasing on (0,1)(0,1), inasmuch as it is a constant
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multiple of the intergral mean over (U,IE)(U,IE) of the non-

increasing functionr = sup p"g;(p)r — sup p"g;(p) with

r=p=1l r=p=1l
respect to measure r~dr.r~dr.
Consequently, ) by (3.23)
|- 205 (727 [0 (75, 950ar] @+ 200a1+ 20)

=

x(0,1)

sup [+ 26*’*([;26}%2}.1; (1-26)(1—26)*td(1 —

ijM+(u*1}"fj"xl(0J_}<l

26)d(1 + 2¢ ))j(“” 71 sup (o735, 9;(p))drd(1 + 26) =

rEps=

sup I =7 sup p”*‘E HJ(P]I (14 2e)Y 1[ _ij}-(l—

f_:'EM+(9»1}||E;'f_:'“xrml}ﬂ repsl
2e)(1—-2e)*1d(1—-2e)d(1+

= sup (p"X;9;(0))

rEp=1

2e)dr = su

p .(3.24)
£ @ONfl g 11y

Xy (0.1}

<

a-1 [1‘2!‘5}'& -1 TE $ '
(1-26 [ [t [ 3, g00dr] (1+20)d(1+ 26 o
Xo01

sup jﬂl(1+25)r-1(fl 3 f (1-26)(1- 20" 1d(1 -

fJEM+ 0, ﬂ“fj“X; [1+2£}|3

(01)%1

28
2€) d(1+26))ful+z} ™7 sup (P”E;g} d(14+2¢) =

rapsl

(L+2t [0 1L f (L~

1
§ [1+Ef}ﬁ

1 _
sup J,r" sup p" ;g (p f
fjEM+(HJ1}||E;'f;“xrm}ﬂ repsl r

2€)(1-2€)*d(1-2€) d(1+
™ sup (pL;9;(0))

repsl

e)dr< sup

(324)
fj EM+(HJ1}“fj "X’(u,i}ii

X J:(u,ﬂ
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By (3.17) and (3.18),

1 sup p”Zg}(oJ <|[r? sup p*‘zg}-(p)
I i

ripsl repsl

xp0.1) xp0.1)
< .
< CZ"gJ"Xﬁ 0y G2
J
On the other hand, by (3.16),
[t LY f (- 20— 26)°d(1 - 26) dr =
ré (1+2e)F X;;[D,ﬂ
BT tP[7Ef (1-2e)(1—26)*1d(1 - 2¢) dr =
(1+2)5 xp(0.1)
1 1-2e
A Y f((1-2e))(1—2e)*t 1 P 1drd(1 — 2¢€) <
k '[(1+z£}5521f; ( ) f(1+2.s)3'5 x'(0,1)
1100,
1 1 1
- 2 (1—2e)fr-1% £ (1—2€)d(1— 2¢) == f: <
L5l (3.26)
y W (g,1) '

[ L3, (1= 26)(1- 26 d(1 - 2¢) dr

ré (142¢) ©(01)
0

BT Lot [IE,f (1201 - 20 1d(1 - 2€)

(1 +ZE:]"6*ts X;; (qu)
BT X f ((-20)1-20) [T LoPrtad(1-20)|| <
(1429088 11 (1426)88 Froy
XJ;(D,I}
1|1 1
- 1 (1=2e)r 1T f (1= 26)d(1-2¢) =2zl <
V1| (142e)86 ZJ)G X;;(u,ﬂ }’"jz}ﬂllxﬁ[ﬂ,ﬂ
1
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for every nonnegative function f; € X'(0,1)f; € X'(0,1). Tt
follows from (3.24) ,(3.25) and (3.26) that

26 o4 '
-200 [ [ [ g0 1+ 201+

g}—llzjgj"p

2¢)

c
E —
x(01) Y

_2¢)f i :
)yt If ) [rr-l [, Z;g;dr| (1+2e)d(1+

gjz “E_JQ_JHP

2¢)

<t
x01) Y
Hence, inequality (3.15) follows from the definition of the norm

"'"z’[u,l}-"'"z’[u,l}-
Let n € Nn € N and let ||-||z0,13lI"llz(0,1) be a rearrangement-
invariant function norm. For j =0, ...,n,j =0, ..., n, defined the

functional ||-| z ool 2.1 inductively as ||-|| 0,1y = Il (0,13,

-1l 2 v = 1I-ll 7 011, and |
=L
n-j (1-2e)n-JHL
ZQJ =|[(1-2¢) n—j+1f Zg}* (1+2e)d(1+ 2¢) J
0 "
z;(01) J 2,00
=1..n (3.27)

for g; € M, (0,1),g; € M, (0,1). Proposition 3.1, applied with

- n—j
l—e=—"L1—-¢e= andm(l 2e)=(1—2¢) (—iﬂ),

n—j
w(l—2e)=(1-2¢) (—IHJ, guarantees that, for each
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j=0,..,nj=0,..,nthe functional |- ||z .l ||z (01) 1S a
rearrangement 1nvar1ant function norm.

Theorem 3.5. Let n € Nn € N and let ||-||z¢0,0)ll-|lz00,1) be a
rearrangement-invariant function norm.Then for everyj = 0, ..., n,

j =0, ...,n, there exists a positiveconstant (;,(;, depending only

on j j and nn, such that

29|
I]l

(1-2¢)'n n
<G ||(1- 25)‘“’J Zgj(1+26)d(1+26] (3.28)
Z'(01)

)

for g; € M,(0,1),g; € M, (0,1), where "'"z}[u,ﬂ"'"z’-[u,l} is a
rearrangement-invariant function norm defined by (3.27).

Proof. We argue by finite induction. The assertion for j = 0j =0
holdswith C; = 1, C, = 1, thankstothefactthatZ,(0,1) = Z(0,1)
Zy(0,1) = Z(0,1) and that g; < g;*.g; < g;". Assume next that
the claim is true for some j=0,1,..,n—2,j=0,1,...,.n— 2.
Then, by Theorem 3.4 applied with

i J 1 J J 1
a == =1—=,y=—a==* =1—=,y=— and
n”B n’y n—j 1-1”8 ﬂ.]}, n—j

=1 —L_= 1 —i_ , we get that
n—j n—j
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“_.L

n-j-1 (1-2¢) ©
Y| =|la-20T J Zgj (1+26)d(1+ 2¢)
- 0

z;,,001) z;(01)

o nojt
(1-2¢)""n n—j-1

j (—ZE}HJ
sgla-2m[ | Ygoala
]

0

i

+2€)d(1+ 2¢)

Z'(01)

J+1 (1 EE}
<ccl|a-2075 f Zgj (1+26)d(1+2€)
Z'(0.1)

for every g; € M,(0,1)g; € M,(0,1), where CC is the
constant apprearing in (3.15). This establishes (3.28) for
j=1,..,n—1j=1.,n—1 It remains to consider the

case when j=n.j=n. In this case, equation (3.27) yields

||Ejgj||

1 *
1Z595ll ; 0.0) = 110z c00 fy 2y g5 (L +2€)d (1 + 2€)
for g; € M, (0,1)g; € M, (0,1). On the other hand, forj = n,
j =n, we have

1
=11l _ 00 J, Z;9; (1 +2€)d(1+2¢)

zZp(0.1)
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i 115
(1- 25)5‘1J Z g; (1+2€)d(1+ 2¢)
v Z'(01)

1
Ml [ Y 6501+ 20u(1+20
0 -
]

for g; € M, (D,l)gj € M,(0,1), whence (3.28) follows.The
proof is complete.

4 . Proofs of the main results

Our approach makes use of reduction principles for Sobolev

embeddings on the whole of AA, and for trace embeddings on

A,_1A,_;. They are stated in Theorem 4.land in Theorem 4.2,
respectively, below.

Theorem 4.1. Let AA be a bounded open set with the cone
property in R",n = 2R",n = 2, and let m € N.m € N.Assume

that ||*llxc0,1)lIllxt0,020d [[-lly0,1)l*lly0,1) are rearrangement-
invariant function norms. Then the Sobolev embedding
wmxX@) - YQ) (4.1)

holds if and only if the Hardy type inequality

f Z,@(l+z.;)(1+zf)—1+’fd(1+ze) ch||;;.||ml} (4.2)
l—EEJ. - !

r(0,1)

holds for some constant CC and for every nonnegative function
f; € X(0,1).f; € X(0,1).

Theorem 4.1 follows from a special case of ([17] Theorem 6.1, via
([26] Corollary 5.2.1/3). In the case when AA is a Lipschitz domain
andm = n— 1m < n— 1itwas proved in [25].

Theorem 4.2. Let AA be a bounded open set with the cone
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property in R",n = 2R",n = 2, and let m € M.m € M. Assume

that ||llx(0,1)lIlxt0,1720d -l 1)l llyo,1) are rearrangement-

invariant function norms.Then the Sobolev trace embedding
Tr-WiX(Q) - Y(A,_,) (4.3)

holds if and only if the Hardy type inequality

1 1
(14 26)(1+ 26) ™ nd(1 + 2¢)
n ]
(1—‘2.-*5}ﬁ .

v(0,1)

]
< CZ" f ||mﬂ (4.4)
I

holds for some constant CC and for every nonnegative function
f; €X(0,1)f € X(0,1).
A version of Theorem 4.2, where A,,_,A,,_, is replaced with dA,d2,

can be found ([14] Theorem 3.1), and is based on an interpolation
argument which makes use of Peetre’s K-functional. The proof
of the fact that (4.4) implies (4.3) is completely analogous. One
has just to replace the endpoint inequalities exploited in the
interpolation argument of [ 14] which the following inequalities for

the trace operator TrTr on A, _1:|ITr ullprg, )= Cllullyrrg
A1 ITr ull 2,y < Cll wllyyragyfor every u € WH1(d),
ue wti(), a n d |Trullgep, )= Cllullprmag
IT7 wll o,y = Cll wllyprr gz ay for every u € WLL™(3),
u€ WL (3), where C=CQA,_,).C=CA,_;). Note
that the former inequality is just a special case of (1.2), whereas
the latter holds owing to the embedding W1L™(A) — C(})
WiL™t(A) — C(Q), the space of continuous bounded functions
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in AA (see for instance ([15] Remark 3.10).The fact that (4.3)

implies (4.4) will not be used in the proof of Theorem 1.3. In fact,
it follows on specializing a more general argument in the proof of
the theorem.

Proof Theorem1.3.The equivalence of (i) and (ii) is the content of
Proposition 2.2. Thus, only The equivalence of (1) and (i1) has to be
established. Let us first show that (ii1) implies (1). We preliminarily

observe that it suffices to prove such implication in the case when AA

1s a ball B B. Indeed, any bounded open set with the cone property
can be decomposed into the finite union of Lipschitz domains ([2]

Theorem 4.8). It is then easily seen that we may assume that AA is
a Lipschitz domain .Next, any Lipschitz domain is an extension

domain, both for W™ (QA)W™1(A) and forW ™= Q)W ™= (A)
([35] Theorem 5). By ([18] Theorem 4.1), given any ball B > A

B > A, there exists a linear bounded extension operator €€ such
that e W™X(A) - WmX(BleW™X() — W™X(B)for any
rearrangement-invariant function norm||-||x 1) ll*llx0,1), With

norm independent of ||-||xc.1)-ll-llx(0,1)- Namely, eu = ueu=u

in A2,

and there exists a constant € = C(A, B,m)C = C(A, B, m) such
that

I exellymzimy = Cllaellyyrm iy (4.5)

for every u € W™X(A). u € W™X(2).Given any dd-dimensional
hyperplane such that A; # ©,A; # 0, let us denote by TrgTrg the

trace operator on B, B, acting on functions in W™ (B) W™ (B),

and by Tr, Tr; the trace operator on A A; acting on functions in
Wwm™1(). W™1(Q). One has that A; < B,, A; < B, and
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Trgeu=Tr,u H%—a e (4.6)

in A;.A4.Now, assume that ||-|| xo.1) 1"l 50,17 and [I-llyco, 23l llyco.1)
are rearrangement-invariant function norm such that (i) holds in B
‘B, namely

ITravllyz, < Cllvliymxm (4.7)

for some constant CC and for every v € W™X(B).r € WX (B).
Thus, by (4.6) (coupled with the boundedness of the dilation
operator on rearrangement-invariant spaces), (4.7) and (4.5), there

exist constants C,C',C"'C,C’",C" such that

ITrullyg,) < CliTrseully@, < C'lleullymym < € lullymxay
for every u € WmX(A)u € W™X(A).This proves that (i) also
holds in A.A.

We may thus assume,without loss of generality, that AA is a
ball, and that 0 € A,;.0 € A;. Suppose, for the time being, that
m<nm<n We set k=n—dk=n—d and assume first
that k < m.k < m.There exists a finite sequence of affine
(n — j)(n — j)-dimensional  subspaces of R",j=1,..,k,
R",j=1,..,k,suchthat0 €A, =&, 1 CTAy_po1 - T Ay_y.
O€A; =X C Ay i1 © C A

Observe that, since A4 is a ball, then A,,_;A,,_; isan (n — j) (n — j)
-dimensional ball forj =1, ..., k,j = 1, ..., k,and hence an (n — j)

(n — j)-dimensional Lipschitz domain. Define the functional

"'"z‘fnj‘}"'"z’fnj‘} by

Y| = (1= 2yt J _EZg}(1+ZE}d(1+ZE] (49)
j 0o 5

Z'(0.1) x'(01)
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for every g; € M,(0,1)g; € M,(0,1). By Proposition 3.1,
applied with € = 0e = 0and
m—k m—k
w(l-26)=(1-26)""n ,0(1-28)=(1—-268)""n ,

the functional ||-|[;'¢o.1)ll*llz(0,1)is @ rearrangement-invariant
function norm, and

-k

[L,55 (1+2e](1+2e]‘1+de(1+2e)” ( }5zj||,:;.||

x(0,1)

m—k
[ 5 A+ 200+ 207 da+ 20| <3l
forevery f, € M, (0,1)f, € M, (0,1). a0
Note that assumption (3.3) is fulfilled, since << m<. m . By Theorem

4.1, this implies that W™ % X(}) — ZOW™*X(2) — Z(), and
hence
WmX) - W*ZQ). (4.9)

x(o,1)

For each j=0,1,....kj=0,1,...,k, let ||'||z}[u,1}"'||z’-[u,1} be
the rearrangement-invariant function norm defined by (3'J 27). By
Proposition 3.1,

_ : n—j-1
appliedwithq = "2—g = " andw(1 — 2€) = (1 — 2¢) ™ -

n—i n—j
n—j—1

w(l—2e)=(1—2¢e) n-ifor each j=01,.., k-1,
i=0,1,..,k—1, we have

fn-; Z f; (1+25)(1+zej%d(1+25) EZ"E"Z; op 410

J

L Zj4,(01)

for every f; € M, (0,1)f; € M, (0,1). By Theorem 4.2, applied
with nn replaced with n —jn —j and AA replaced with A,,_;
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An_; inequalities (4.10) ensure that, for each j =0,1,...,k — 1,
i=01,.. k-1,

Tr:W'Z(A,_;) = Zjoa (A oy ). (4.11)

Also, one classically has that Tr:W™(Q) - W™ 1(3,)
Tr:Wmi(Q) - WmRi(},)

provided that f 2n—h > 0 (f =Zn—h > 0 ([2] Theorem 5.4),
and hence, in particular, the trace on AzA; of an mm-times weakly
differentiable function in AA is an (sn — h)(m — h)-times weakly
differentiable function if n, h, £n, h, € fufil the above inequality.
Thus, iterating embedding 4. 11) kk times yields

W"Z(}U Swk-1z (?Lﬂ_lj—a» —>W Zy_ l(ldﬂ)—a»zk(ld) (4.12)
Coupling (4.9) with (4.12) g1ves

Tr:-WmX@Q) — Z,(A,). (4.13)
We now defined the functional "-"YF:[HJI:}"-"FF;[H’]'} on M, (0,1)
M, (0,1).
ZE} n
Z of  =la-z207 J ZgJ 1+20d1+20|| (414
e x'(01)

for g; € M,(0,1)g; € M, (0,1). Since, by our assumptions,

R B T

n n n n n n

=0,

condition (3.3) is satisfied for 1— €= fl —e=2 and

n

w(l—26) = (1—26) " w(l—26) = (1—2e)

Therefore, Proposition 3.1 implies that ||'||F{r|[u,1}"'||r{r[n,1} is a
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rearrangement-invariant function norm and

(1+26)(1+2 Jn'ld(1+2 ) < . 415
J':l 26)n= kzﬂ : : : Z"’G ""f(”*l} (413

¥ (0.1) i

for every f; €M, (U,l)}j— e M, (0,1). Moreover,||-|ly, (0,1)
lI-Ily, c0,1)1s the optimal rearrangement-invariant function norm for

which (4.15) holds. Since, by (1.12), ||-|ly, )]l lly,1) 1s also a
rearrangement-invariant function norm for which (4.15) holds, the

optimality of [||ly.ca11ll-llv.0.17 implies

Y, (0,1) = Y(0,1). (4.16)
We now claim that
Z,.(0,1) = ¥, (0,1). (4.17)

By Theorem 3.5, applied to j = kj = k (observe that k < nk <n

(1-2¢)'™n
Zgj =C, ||(1-2¢) 1+_J ZgJ (14 2e)d(1+2e)

z(0.1) z'(0.1)

for every g; € M, (0,1).g; € M, (0,1). Therefore, by property
(3.2) applied to the identity operator, in order to established (4.17),

we just need to show that there exists a positive constant C'C’ such
that

—Zf}l
(1-2¢) ™ f Z g; (1+26)d(1+2e)

EC’Z"gj"F;rmﬂ (4.18)
i

Z(0.1)
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for every g; € M,(0,1)g; € M,(0,1). By the definition of

-1l 22 o, )l ll 7 (0,1) and "'"r{r[u,ﬂ"'"y;r(m}(see (4.8) and (4.14)),
inequality (4.18) will in turn follow if we prove that there exists a

positive constant C''C" such that

*

m-k 1-2¢ k Tl_n
(1- zeJT‘lf ra‘lf Z g; ()dr| (1+2e)d(1+ 2)
0 0 .
]

x'(02)

m (1-2e)'n n
<" (1—ZEJ¥‘1J Zgj (14 2€)d(1 4 2¢)

x'(01)

for every g; € M, (0,1).g; € M, (0,1). This is a consequence of
Theorem 3.4, applied with

¢=""pg=1y=S¢=""F=1y="and 6=1-".

0= 1—%. This establishes (4.18), and hence also (4.17).
Combining (4.13),( 4.17) and (4.16) yields

Tr
WmXG"J _’Zk (}Ld) — Y;{ (;’Ldj — Y(;"»dj,

Tr
wWmxX) -2, - V. (d,) = Y(,), and (1.10) follows.
Consider next the case when k = m < nk = m < n. We define
the functionals [|-| E;r(ﬂ,l}"-" z(0,1) TOr
j=01,..,kj=0,1,...,k as above, save that now we set

-1z, 0,00 = I-llxc0,00- 11l z, 0,00 = I ll%0,1)-  The  proof  of

embeddings (4.13) and (4.16) is the same, and even simpler, since
(4.9) holds as an equality. It only remains to prove (4.17). By (3.2),

it suffices to verify that there exists a positive constant CC such
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15,0, <clla-2er [*72 T8, g (1 + 200d(1 + 20

7.(0, 1} (o0

IZ,0,l,1,, = cf|t-2e5% [0, g (1 + 2601 + 26)
for every g;€ M,(0,1)g; € M,(0,1). This follows 8
Theorem 3.5, applied with j =mj =m and Z(0,1) = X(0,1).
Z(0,1) = X(0,1). Finally, suppose that m =nm =n. Then
WmLi(A) - CQOW™LI(A) - C(A) (see e.g.[26] Theorem
1.4.5]).Therefore, by (2.6)
WX ) —» WL Q) — L2 () — Y(Ay),
WmX(Q) - WT L) — L (Ag) = Y(,), and (i) follows.
Let us now show that (i) implies (iii). Suppose that
(1.10) holds. Assume first that m < nm < n.Without
loss of generality, we may assume that 0 €A;0 €A,
and  that Ag =An{x=('0):x" € R4 0€ R}
Ag =An{x =(x',0):x' € R4, 0 € R4},
Let RR be a positive number such that B, (0) € A,B,(0) < A, and
let f:[0,00) = [0,0)f:[0,00) — [0,00) be any locally integrable
function. Define the mm-times weakly differentiable function
w: A — [0,00)u: A — [0,00) as

wnR"Y rwpR wnR" m
ulx) = J J J f ), ™ dr,, ...dr, in x € B;(0)

wplxl™ 1y Tm-1
0 otherwise.

We now estimate the quantity Eﬂ":uwku(x) IZ}?ZGW*‘H[X) |, along
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the lines of ([25] Proof of Theorem A]). Let g;: [0,00) — [0,00)
g;:[0,0) — [0,0) be such that u(x) = g;(|xDulx) = g;(|x]).
An induction argument shows that, for every ¢ € NuU {0},

£eNuU{0}, any ¢#*fthorder derivative of uu is a linear

. @ g D (1xDx% g ;P (1x])
combination of terms of the form - g;’ T e gi’ & il , where
X X
lal=ik+j—i=flal=ik+j—i=4¢ and 0<ij<®.

0=ij=+{.

Here we denote x® =x;*.x,"x% =x;*..x," for x € R"

x € R" and aa being a multi-index. Hence, the absolute value

of any £*"#*"order derivative of uu is domained by a constant

g; 9 D)
lxl€-7

constant CC such that

gj D (Ll
lxl €7

multiple of Zj;u o . Thus, there is a positive

(4]
. lg; 90D
reo|VFu()| = CXP

(D
m [VFu()| < ¢ z;}?;uhg;‘l%m for x € By(0)x € B4(0).

The function gjm (IxDg jm(lxlj is a linear combination of the
expressions

wp R wy RT
lef“‘*’f f f Z,G((l 20),)(1-20),, ™" d(1
mnlxln (I_ZE}J-I-J_ ( ZE}m -1 .

—26) . d(1-2€);,,

forl=f=m—11 = £ = m — 1 and of the expressions
n-m [@nR" rwpR" wpR" —mal
e [ ek Jitse =k  f((1-26),)(1-2€), " md(1-

—2e) gy, (126

26) - d(1-26) .,
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o e ey iy F(1=26),) (1 =200, "R (1 -

wplxl™(1-26) iy, "1 26

2€) .. d(1-26) 44

and f; (w,|x|") f;(w,|x[*)  when £=mdf=m, where

ji=12,..m—-1j=12,..,m—1.
As a consequence, subsequenct applications of Fubini’s theorem

and obvious estimates tellusthat, l = f=m—-11=f=m— 1,
then

£ n
iy R .om
g, 20D < € Y et f fA+29(1+2e)n7d(1+26)
j=1

wnplx|™

for x € B,(0)x € B,(0). Whereas for £ = mf = m we get

g™ () = | f@lxI™)

m-1 mnR" m

+ Z|x|fﬂ-mf Z fi(1+20)(1+ 2075 d(1 + 2¢)
- gy | |11 e
j=1 L

for some constant C = 0.C = 0.
Moreover,

lg,(xD|=C f““ﬂn X +200(1+ 26)nd(1 + 26).

g ||
lg,(1xD| < C f:’n"lilnz;j,g. (1+26) (1 +2e)nd(1 + 26).
Altogether, there exist a constant £ = C(m,n)C = C(m, n) such

that
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m-1

ZW“ ()] = €| f(w,lx[™) lel*m '“J lenz,ﬁ(r]r nid

k=0
L MnZﬂ Glo. (419

fora.e. x € B5(0),x € B,(0),
whereas XM |[VFu()| = 0ZI, [V¥uC)| =0 if x & BR(0).
x & BR(0). 1t is easily verified that, for each

k=1,..,mk=1,..,m,the operators

f}(l-I-ZEJ (1+25Jk’f Zg(rJr Uy and £ (1+2€)

1+2¢

LZEZ f; (‘r]rn

are bounded both in L*(0,1)L*(0,1) and in L*=(0,1),L=(0,1), with

norm depending only on n n and mm. Hence, by an interpolation
theorem by Calder6én ([4] Theorem 2.12, Chapter 3), they are
bounded in any rearrangement-invariant space, with norms

depending only on its norms in L*(0,1)L*(0,1) and in L=(0,1).

L*(0,1). Therefore, owing to boundedness of the dilation operator
in rearrangement-invariant space, we infer from (4.19) that

Z"v‘m"xm =C Z f; (w,R™r) (4.20)
k=0 j

xlo,1)

for some positive constant C = C(m,n, R, |A]).C = C(Gm, n, R, |A]).
On the other hand, one has that
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(Tru)(x") = yo.n(x']) JMT;J J Z,ﬂ () ™

= X(o, R}[|x |:] J‘mnR _[r g J.mnR E )G (T :}T *n Ty oer d'_rl

k(ewglx'19)

= X(o, R}[|x |:] J‘mnR _[r g J.mnR E )G (T :}T *n Ty oer d'_rl

!..IJ'[I%
forx" € A,;,x" €A,

F-'I.I.‘-'S

where k = —Zxk = —2% .Via this formula, one can deduce, via
an argumen(t“b@din thé“pijgof of ([14] Inequality 3.41) , that there

exists a constant € = C(A)C = C(A) such that

(4.21)

1 -1+—
12 2 fj (@RI dr

v(0.1)

(4.21)

1 n.y.—1+—
ITr ullyy) =€ ”f(uzf}ngff (W, R™r)r™ " dr

¥(0.1)
Inequality (1.12) follows from (4.20) and (4.21), owing to the

arbitrariness of f;f;. In the case when m = n,m = n, inequality
(1.12) holds for every pair of rearrangement-invariant spaces

X(0,1) X(0,1) and ¥(0,1) ¥(0,1). Indeed,

1 m 1 m
J EZ’G (r)r o dr = J Z,ﬁ () mdr< Z"ff":}(u,ﬂ’
(1+2e)d 7 0 & 7

®(0,1)

for every f; € M, (0,1),f; € M, (0,1), and hence the assertion
follows from (2.6).

Proof of Theorem 1.1 Since —1 + Z+2 =0-1+2+ g =0,
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condition (3.3) holds for €= —f +le= —f +1 and

w(l—2e)=(1- ZE]_”_m[l 2¢)=(1— ZE)_H_. Thus,
by Proposition 3.1,

the functional || ||( m ), 1}ll || is a rearrangement-

™) (0.1)
invariant function norm ,an

J Zf (1+26](1+26]_1+_d(1+25)
(1+2e)d
xgn(02)

< Z||fj||m} (4.22)
J

for every f; € M,(0,1).f; € M,(0,1). Moreover,llllxm co,1)

-l x (o,1)is the optimal rearrangement-invariant function norm
which renders (4.22) true. Hence, in particular, by Theorem 3.1,
the trace embedding (1.6) holds [19].

In order to prove the optimality of the target norm, suppose that

II-lyco, 001" lyo,1) 1s any rearrangement-invariant function norm
such that
Tr:-WmX(Q) - Y(A,).

Then, by Theorem 3.1, inequality (1.12) holds for some positive
constant C, C, and forall f; € M, (0,1).f; € M, (0,1).Thus, by the
optimality of the rearrangement-invariant function norm||-|| X (0,1)

IIll52, (0,1)in (4.22), we necessarily have that X7, (0,1) — Y(0,1).

x7.(0,1) - v(0,1).
This proves the optimality of the same rearrangement-invariant
function norm in (1.6). The proof is complete.
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Various Characterizations of Optimal Sobolev trace embeddings

Proof of Corollary 1.2. The equivalence of (1.7) and (1.8) is a
straightforward consequence of the optimality of the function

norm ||-|| XM, .l XM (0.1)and of the first embedding in (2.6). As
for the equivalence of (1.7) and (1.9), observe that, by Theorem
1.3, embedding (1.7) holds if and only if

sup [} aXf (14261420 v d(1+2€)
I fihd, oty i

< o,
®{0,1)

sup fulzj}j- (1+26)0+2e) " d(1 + 2¢) < oo,
fi EM+[UJ1}||E;'I}||X(M}51

sup [13,f (14201 + 20 d(1 +26) < oo.
fj EM+[U,1}"E_; fi "X(u,i}sl

m
Since the latter supremum agrees with || (142e)

x'(0,1),

(1+2e)™ ™ || . the equivalence of (1.7) and (1.9) follows.
Proof of Theoreri 24 We have that

2.9
i

[a—

(6E") 00

Lk (1—2.«5)%5
~fa-z0=F [ Y garaadaae
0 n
J

(xk,) (0.0

LK (1—25}% Lk 5
= (1—25J‘+£J o *?f > g 0ar| 1+ 20d01
o 1] ™
J

+2€) (4.23)

x'(0,1)
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for g; € M, (0,1).g; € M, (0,1). Suppose first that k + h = n.

k + h = n. Then, by Coroallary 1.2,
XER(0,1) = L=(0,1). (4.24)

On the other hand,

L
j

()" ) 0

L (1-2¢)n LA s

— +— —_ —

<Vl |1-207 | [ Ta®] 12040
i

+ 2¢)

x'(0.1)

for — every g;€M,(01)g; €M, (0,1). If h<l,
h * h
h<l,  then [-::‘“F x[u,ﬂ(ﬂ] (1+2e)=(1+2e)*7,

h * h
r_”F;.;fm_ﬂ(ﬂ] ‘,(1 +2€) = (1+2e)7™%, and, consequently,

g l1-2e)n .
(1- 27" J [{“‘?X(M}(ﬂ] (1+20)d(1 4 2€)
’ x'(0.1)
h {
(1-26)" 1 <-
H X1 N "Xm}”)r'(u,ﬂ,

since k+h=nk+h=n If h<lh<l, then

[ " X(o.1) (ﬂ] =1 [ f Xio.1) (ﬂ] and hence
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¢
(1 B ZE]_1+£J(1_2E}H [

0

+?;t,‘(u,l}(ﬂ] (1+2e)d(1+ 2e)
¥'(01)

E £
< [I(1=2¢e) 7"

= "X (0,1}" x'(0,1),

since k + £ = nk + £ = n by our assumptions. Consequently,

£
Dol =max{t Y ol
I I

(EE AU NCEY
for g; € M,(0,1)g; € M, (0,1), whence

10,0 = ((xk,)" (0,1, (0,1) = ((xx)" 2 (0,1), up to
equlvalent norms.Thus, by (2.3) and 7),

(X;fﬂ)M(U,l) =L1=(0,1). (4.25)
Coupling (4.25) with (4.24), implies that
(%£)" (0,0 =xE(0,1(XE,)" (0,1) = XE:*(0,1).

Suppose next that k + h < nk + h < n. Then the assumption

k+f{=nk++f=n entails thath<{fh < {.
We have that

L
I ) .

—ZE}H

=|[(1-2¢) “‘_J

ZgJ (1+2e)d(1+ 2¢) . (4.26)
x'(01)
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On setting a:—— ﬁ——,}’—iﬂi—— ,8—— =% and

d = ;,6 = E , all the requirements in (3.14) are satisfied,
since k+h<nk+h<n entails that a+ Sy <1, k+f{=n
a+py<lk+f=n 1implies thata+pf =1 a+p =1,

and f{—d<hf—d<h implies that y+d=1y+46= 1.
Therefore, by (4.23),(4.26) and Theorem 3.4 there exists a positive

constant CC such that
"Ej.gj"( . ]:J)’[ﬂ’ﬂ = CE;IIgJII[XHh]r,:M}

"E g}" . ! =CX J'"gJ " X for g; € M, (0,1),
((xk V" ) (x5t (0.1

(0.1)
g.€ M. (01), namely,

(x¥+1)'(0,1) - ((X;fﬂ)ﬂ) (0,1). (427

Conversely, by (2.2) and the monotonicity of the functio

d
1+ 2em g7 ((1 + 25}?)1 +2em g7’ ((1 + ZE)T")
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Various Characterizations of Optimal Sobolev trace embeddings

Lo
j

((x5);,) 00
I d *
k (l—EE}ﬁ h e
a2 [ e Y o] a+aoda
0 0 j
4 2¢)
0,1
il
k (1 E.E:}ﬂ h st
- get J R J Zgj (r)drds
¥'(0,1)
(1 ZE}H d h+d
~lla- z.s)“’f Z (3) T ds
x'(01)

I

1+_ . (1- zf}n e
(1-2e)° g (1- Ze]n s ¢ ds

x'(01)

=—||(1- ZE)_H—ZQ“(U Ze)ﬂ)

(1)
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for g, € M, (0,1) g, € M, (0,1)whence

((X;fﬂ)z’f); (0,1 - (xF¥)'(0,).  (428)

Coupling  (427)  and  (428)  tells  us
that ((xE)", ) (0,0 = (x2) (),
((Xéfﬂ);)’ (0,1) = (x*+%) (0,1), -
equivalently, ((x£)",) 0D = (x2:4)0O,1)

g(xjf )01 = (X5:4)(0,1)  whence (1.13) follows.
’[‘:'ace embeddings for Lorentz-Sobolev and Orlicz-

Sobolev spaces

we collect some new trace embeddings,with optimal targets, for
custoumary Sobolev type spaces built upon Lorentz or Orlicz
spaces.They follow from an application of our general results, via
suitable Hardy type inequalities. We begin with Lorentz-Sobolev
spaces.

Theorem 5.1.[Optimal trace embeddings in Lorentz-Sobolev

spaces.] Let n,d, mn, d, m, and A4 be as in Theorem 1.1. Assume
that either 0 < € < @00 < € < o and

0=ez=—o0=e=—w,ore=0e=0o0re = o0e= oo Then
1+ed 1

e 1
[r-m+ () if m < nand —5 €<y,
T :WmL[1+E,1+E} ) -3 51

’ W~ [=He=1(),) ifm-'-‘:n,f=7 ore >0, G-

L= (Ay) otherwise.
Moreover, the target spaces in (5.1) are optimal among all
rearrangement-invariant spaces on A .A,4.
Proof. Set X(0,1) = L1*1+<(0,1)X(0,1) = LU+=1+<(0,1).
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Then, by (5.1), the denfinition of Lorentz spaces and (2.7),

m+d-n d
9l :1—27.*_*(5) =‘1—
"ZJ'gJ”X 1) ( €) ZJg} f 1049 (140 (0,1) (
o
eMuse (e [T Y. g™ |1
i Lt (g.1)
il
120" 5,7 (1) = Ja-
"E g}" an ( } ( EJ E 'g L(1+E}';J(1+E}J(3J1:} (

(i) [ eten 2\
ZE) 14el’ (1+e) [T 1 ng}s (Tﬂ)]

b

everyg; € M, (0,1).g; € M, (0,1). Assume first that m <n

L(1+E}'J (0.1)

. 1 1 1 1 -3
m<n, and either —JSe< S =e<  or E=U,E=?

e=u,e=§and e>0e>0. Fix any g;€M,(01)

g; € M, (0,1).
T r 1 V 1 a 1 | y ,

m+d-n

B0 o <[ 1205757 s 420 g (04

1-2e21+2e=1
26]5)

L(HE};(D,I}I

m+d-n

120 ]:Mg”(l—zg(me ap (142070 307 (0

1-2e=142e=1
d
Zf)n)

L(1+s}’(mjl

Now, there exists a positive constant C = C(1+ ¢, 1 — €,m,d, n)
C=C(1+¢1—¢€,m,d,n) such that
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(1- ZEJ(Il_:E?_ﬁF) sup  (1+ Ze]md_n Z g; ((1 - ZE]n)

1-2ez1+2¢e=1 ;
L1 (0,1)

<(C||(1

( 1 m+d—n
_ ZE] (1+e) 1+E}’ Zg“ ((1 Zf)n) } (52]
L(1+E};(HJ1}

If € > 0e = 0 (and hence necessarily € > 0e = (), then (5.2)
follows from

([23] Theorem 3.2).When € = 0,e = 0, inequality (5.2) is a
consequence of equality

sup (l—Zn_f]h_:'-‘Tr sup (1+2€) _ﬂZg**((HZE])

1 1-es142es1
S<es

= sup (I+ ZE]erd_ang** ((1 +2¢e)n )

0<1+2e=1

We have therefore shown that

L
j

(x7, );(u,ﬂ

<C||(1- ze)(m}’ 1+1f}‘ mnzg**((l 25}11) (5.3)

L(1+E}’m 1)

for g; € M, (0,1).g i EM, (0,1). Conversely, one trivially has
that
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1 m+d -n
(1- 25]((1+E}' 1+f}‘ Zg**((l 25}11)

fis! 1) (0,1)

< ||(1

— ZE](ﬁ?dﬁ?) sup (1

1-2e21+2e21

m+d-n

d
+2e) ) g ((1 + 25)5) (5.4)
i L(1+E};(HJ1:}

for every g; € M, (0,1). g s | € M, (0,1). Observe that the function

m+d-n

o(1—2e)=(1— 26} Q(l 2¢) = (1—2e) n satisfies
(3.9). Hence, by Lemma 3.2,

( 1 1 ) m+d-n d
(1-2e)\ W T+dd)  qup  (142€) n Zg}* ((1 + Ze)n)

1-2e2142e21 ,
L(1+E} (0.1)

(5.5)

L(l +e) (0.1),

<Cl[(1- ZEJ(IFIETT&E?) [’rw (rg)r (1-2¢)

for some constant CC, and for every g;€ M,(0,1)

g; € M, (0,1). We next claim that there exists a positive constant

C=C(1+¢1—emdn)C=C(1l+¢1—¢,m,d,n), such
that
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a-2emr=a) [y (r%)r(l—k)

::C”(l—

L(1+s (0,1),

25)( ) [rmnd - %0 (rd)] (1-2¢)

L(1+E}‘ (0.1),

”(1 ZE (1te)f l+sJ[Tm+:nEg (r%)]**(l_gf) “:CH(I—

L(1+s (0,1),

25)( ) [rmnd - %0 (rd)] (1-2¢)

(5.6)
for g; € M, (0,1].gj € M, (0,1).If € > 0,6 > 0,inequality (5.6)
follows from ([3] Theorem 1.7). If e = 0,e = 0, for eache = 0
e=0and h e M_(0,1),h € M_(0,1), one has that

1
sup (1 - 2€)0 (1 - 2¢)

i
E{EEH

L(l +e) (0.1),

1 1-2¢ 1
= sp (1-25)ﬁ_+ff“lf (1+20 TR (1426 (1
0

1
E{EEG

1
+26)0e (14 2¢)

1
< sup (1-2€)0+ p (1

1
E{EEH

1 1-2¢ i
~2¢) sup (1 —ZE)W_IJ (142e) T 4(1+26),
0

1
E{EEG
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whence

sup (1- ZE](HE}’h“*(l 2e)=(1+¢€) Sup (1- 26]'1“5}’.&*(1 2¢€).

—{E*-'CH —{E‘:U

sup (1-— ZE]EHE}"h‘*[l 2e)<(1+¢)sup (1— Ze)ﬂﬂ}’h*[l 2€).
s consequence, (5.6) holds also in fiiss€ase. Combining (5.4) ,
(5.5) and (5.6) tells us that

1 m+d—n
(1- z.sJi1+f)’ e’ Zg”((l z.s}n)

et e (0.1)

f:cZuan fon 6

for some constant C=C1+¢1+e,m,d,n)
C=C{1+¢l1+€md,n), and for every g;€ M,(0,1).
g, € M, (0,0).

d d
Set = — T = — , and observe that

1 m+d—n
(1- z.sJi1+f)’ '™ Zg‘*((l z.s}n)

et e (0.1)

_ G)m Z‘gj (58)
i

L(r’(iﬂm(ﬂ,l}

for every g; € M,(0,1)g; € M,(0,1). From (5.3), (5.7) and
(5.8) we infer that

(x7,) (0,1) = L&+ (0,1),(x7:,) (0,1) = L&+ (0, 1),
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up to equivalent  norms. Now, ife =0e< _?3 ,
e=0,e< _?3 , then r=> 17> 1, and therefore, by (2.12),
(x7,) (0D = L' (0,1). (x7,) (0,1) = L7+ (0,).
Hence, by (2.7),
1+ed 1te 1+ed 1te

X:!{lﬂ (l:]-,]] = [n-mii1+ef (Ull)X:E?:Ln ({],1) = [ n-mi1+elf (U,]]
If e= U‘GI‘E=_?3,E= [}urfz_f, ande > 0,e = 0, then
r=1r=1, and, by (2.13), X7, (0,1) = L=1*~1(0,1).
X7.(0,1) = L*=**<~1(0,1)It remains to consider the cases

. -3 -3
when either m=nm=n or E}D,E}?E}U,E:}?

,or €= _?3 €= _?Eand e=0e=0. In each of these

EO!

m
cases,one  has  that ||[1—2£)_1+F|

L(1+E}",( 1+e) 0.1)

m
_1+,_
—_— [0 o]
" (1—-2e) " ™n s are (g 1) : whence

X7, (0,1)=L1*(0,1),X7,(0,1) = L=(0,1), by Corollary 1.2.The
proof is complete. Let us now focus on trace embedding for

Orlicz-Sobolev spaces. Let n,m,d € lln,m,d € N be as in the
statement of Theorem1.1.Given a Young function A4 A4, denote by

LA(A)L4(A)the corresponding Orlicz space. Let m < nm < n. We
may assume, without loss of generality, that

1—2¢ m
j(.qﬂ—z 5)  di-29<e (5.9)

Indeed, AA can be replaced, if necessary, by a Young function
equivalent near infinity, which renders (5.9) true, such replacement
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leaving the Orlicz-Sobolev space W™LA(A) W™L4(A) unchanged
(up to equivalent norms). If m < n,m < n, and the integral
“¢ 1—2e \yn-m
_— d(l— 2 5.10
J (A(I—ZE]) (1-26) (5.10)

diverges, define the function H,.:[0,00) - [0,00)
H,_.:[0,00) - [0,00) as

II/ 1+2¢ 1-2 P ;
H,(1+2¢) = l\fu A1 - 26)
H [:1+2)_|(J-1+EE 1-2¢ )%id(l_z:] "
mn €= \ o (1—2¢) €
fore = _?1, €= _?1, and the Young function 4,,, 44,, 4 by
d—m
m(1-2¢ e)\n-m d-m
Apa(1—26) = [T (AL2D Ty (1 4 2€)wm d(1+ 2¢)
d—m

Am,d(l —26) = IH,;' (1-2¢) (A[1+z..=}

1] 1+2¢

pr— d-m
)" B (14 26)nom d(1 + 26€)
fore > 2¢ > %
The folfowing result provides us with an optimal Orlicz target in
Orlicz-Sobolev trace embeddings. It follows from Theorem 1.3,

via ([11] Theorem 3.5).
Theorem 5.2. [Orlicz-Sobolev trace embeddings with an optimal

Orlicz target] Let n,d, m n, d,m and AA be as in Theorem 1.1. Let

AA be a Young function fulfilling (5.9).
Then (5.11)
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Tr:WmIA()
[*md(4,) if m < n,and the integral (5.10) diverges,

e (A;)if either m > n,orm < nand the integral (5.10) converges. )

Moreover, the target spaces in (5.11) are optimal among all Orlicz
spaces.

In the exambles below, we present applications of Theorem 5.2
to couple of customary instances of Orlicz-Sobolev spaces. In

what follows, the notation @ (L) ()@ (L)(A) is used to denote the
Orlicz space on AA built upon a Young function equivalent to the
function @ @ near infinity. The notations ®(L)(A,) ®(L)(A,) and
Wma(L)(Q)W™D(L)(A) are used accordingly.

Example 5.3. Assume that either € > 0e > 0 and @ € R € R,

or e =0e =0 and @ = 0. = 0. An application of Theorem 5.2
yields

Tr: WmL99(log L)*(})

7 (1+e)d ad 1 1

L=+ (0g L)1) if ~5se<s
n , -3 n—-m

exp Ln-m-am(};) if e=0ore= 7 anda < ——

=

_n _ -3 -m
expexpln-m(};) if e=0ore= el and a = —

L*(2,) if either € = 0 or € = — anda}—,orebt}orﬁ}_—
2 m 2

ifeithere=0ore=—anda>——,ore>0ore>—
2 m 2
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all the range spaces being optimal in the class of Orlicz spaces.

Example 5.4. Assume that (1+€)(1+¢€) and aa are as in

Example 5.3.Then, one can obtain from Theorem 5.2 that
s 1+ed wd 1 1
Ln-m{i+e) (oglog L)n-mli+e) if —5ex

q !

_n_ am_ -3
Tr: W™ L*(loglogL)* (M) - exp (Ln—m(logL]ﬂ—m) () if e=0ore= K

_ -3
L*(;) if E}UOI'E}? :

Moreover, the range spaces are sharp in the framework of Orlicz

spaces on Az.A;.

Although the target space in the first embedding in Theorem 5.2 is
optimal in the framework of Orlicz spaces, it can be improved if the
class of admissible target is enlarged to include all rearrangement-
invariant spaces. It turns out that the optimal rearrangement-
invariant target space isn the first case of (5.11) 1s an Orlicz-Lorentz

space. Assume that m << nm < n and AA is a Young function that
makes the integral in (5.10) diverge. Let aa be the left-continuous
derivative of AA, so that aa and AA are related as in (2.14). Define
the Young function E,, E,, as

En((1-20)) = [ “e,(1+26)d(1+2¢)
En((1-20) =, e (1+2e)d(1+2¢) fore=Ze==,

where e,,, e,, is the non-decreasing, left-continuous function in
[0,00)[0,00) obeying

m

L n—m

m 1+2¢
_ w® T 1 n-m dr
e (1+26) = L—imze}(fﬂ () a0 ZEJ) :

alr)n-m
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m 1432€ =
_1 T -m ar
(1+2€)= (I -*mm(f (a(l 2 }) d(1- ZEJ) P
fore = _—1.1’_—' = _?1
Finally,let L —,—, (A )L — (2.,) be the Orlicz-
1+2e d d d
Lorentz space asEs001ate with the %llIlCthIl norm defined as in

(2.15).
Theorem 5.5. [Orlicz-Sobolev trace embeddings with optimal

rearrangement-invariant target] Let n, d, mn, d, m and AA be as in
Theorem 1.1. Let A4 be a Young function fulfilling (5.9). Assume
that m < nm < n, and the integral in (5.10) diverges.Then

TrWrAQ) ~ L (o 12 0D, (G12)

and the target space in (5.12) is optimal among all rearrangement-
invariant spaces.Embedding (5.12) follows from Theorem 1.3, via
an analogous argument as in the proof of [11].

Example 5.6. Let (1 + €)(1+ €)and aa be as in Example 5.3.

From Theorem 5.5 one can deduce that
Tr:W™L**¢(logL)*(2)

1 (1+eld el 1 1
Lﬂ—’mI1+E]-' 1+E (ld) if _i <e< E

o LIE -3 n—-m

- m'n i = =— —_—
L () if e=0¢ 3 and  a< —

o L-—E—l . -3 n—m

P1#2¢™n " (4,) if e=0e=— and a=——
: 2 m

up to equivalent norms.Furthermore, all the range spaces are
optimal among rearrangement-invariant spaces [19].
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Conclusion:
Finally optimal target spaces are exhibited in arbitrary-

order Sobolev type embeddings for traces of nn-dimensional
functions on lower dimensional subspaces. Sobolev spaces built
upon any rearrangement-invariant norm are allowed. A key step
in our approach consists in showing that any trace embedding
can be reduced to a one-dimensional inequality for a Hardy type

operator depending only on nn and on the dimension of the
relevant subspace. This can be regarded as an analogue for trace
embeddings of a well-known symmetrization principle for first-
order Sobolev embeddings for compactly supported functions. The
stability of the optimal target space under iterations of Sobolev
trace embeddings is also established, and is part of the proof of
our reduction principle. A a consequence, we derive new trace
embeddings, with improved (optimal) target spaces, for classical
Sobolev, Lorentz-Sobolev and Orlicz-Sobolev spaces.

b2022 gulgu--1443 daall g3 -(ald) ygpirellg pilill 222l - &igiw g1) Gosao drolc dlao




Isam Eldin Ishag Idris - Fadool Abass Fadool

References:

(1)D.R. Adams, Traces of potentials II, Indiana Univ.Math.J.22
(1973), 907-918.

(2)R. A. Adams, Sobolev Spaces, Pure and Applied Mathematics
Vol. 65, Academic Press, Orlando 1975.

(3)M. Arino and B.Muckenhoupt, Maximal functions on classical
Lorentz spaces and Hardy’s inequality with weights for non-
increasing functions, Trans. Amer.Math.Soc. 320 (1990), 727-
735.

(4)C.Bennett and R. Sharpley, Interpolation of Operators, Pure and
Applied Mathematics Vol. 129, Academic Press, Boston 1988.

(5)[5] H. Brézis and S.Wainger, A note on limiting cases of Sobolev
embeddings and convolution inequalities, Comm. Partial Diff.
Eq.5 (1980), 773-789.

(6)J. Brothers, W.Ziemer, Minimal rearrangements of Sobolev
functions, J. Reine. A ngew. Math.384 (1988), 153-179.
(7)V.1. Burenkov, Sobolev spaces on domains, Teubner, Stuttgart,

1998.

(8)P.Cavaliere and A. Cianchi, Classical and approximate Taylor
expansions of weakly differentiable functions, Ann. Acad.
Scient.Fen.,to appear.

(9)A. Cianchi, Symmetrization and second-order Sobolev
inequalities, Ann. Mat. Pura Appl. 183 (2004), 45-77.

(10)[10]JA. Cianchi, Optimal Orlicz-Sobolev embeddings, Rev.
Mat. Iberoamericana (2004),427-474.

(11)A. Cianchi, Orlicz-Sobolev boundary trace embeddings,
Math. Zeit. 266 (2010), 431-449.

(12)A. Cianchi, D.E Edmunds and P. Gurka, On weightec Poincaré
inequalities, Math. Nachr. 180 (1996), 15-41.

(13)A. Cianchi and A. Ferone, On symmetric functional of the

gradient having symmetric equidistributed minimizers, SIAM
J.Math.Anal. 38 (2006), 279-308.

“ 02022 g1lgi- £1443 a3all ga ~(ald) g pirellg Nilill 222l - Gygium g1) Gobao drolc dlao




Various Characterizations of Optimal Sobolev trace embeddings

(14)A. Cianchi, R.Kerman and L.Pick, Boundary trace inequalities
and rearrangements, J. Anal. Math 105 (2008), 241-265.
(15)[15] A. Cianchi and L.Pick, Sobolev embeddings into

BMO,VMO and L_,L., Ark. Mat. 36 (1998), 317-340.

(16)A. Cianchi and L.Pick,An optimal endpoint trace embeddings,
Anal. Inst.Fourier 60, 3 (2010), 939-951.

(17)A. Cianchi ,L.Pick and L. Slavikova, Higher-order Sobolev
embeddings and isoperimetric inequalities, Adv.Math.,appear.

(18)A. Cianchi and M. Randolfi, On the modulus of continuity
of weakly differentiable functions, Indiana Univ.Math. J.60
(2011), 1939-1973.

(19)A. Cianchi and L. Pick, Optimal Sobolev trace embeddings, Trans.
Amer. Math. Soc.(2016), http.//dx dol.org/10.1090/tran/6606. In
press, article electronically published on January 19, 2016.

(20)W.D.Evans, B.Opic and L.Pick, Interpolation of integral
operators on scales of generalized Lorentz-Zygmund spaces,
Math. Nachr. 182 (1996),127-181.

(21)E. Gagliardo, Proprieta di alcune classi di funzioni di pia
variabili, Ric.Mat. 7 (1958), 102-137.

(22)F.Gazzola, H.-C. Grunau and G. Sweers, Optimal Sobolev and
Hardy-Rellich constants under Navier boundary conditions,
Ann. Mat. Pura Appl. 189 (2010),475-486.

(23)A. Gogatishvili, B.Opic and L. Pick, Weighted inequalities for
Hardy-type operators involving suprema, Collect. Math. 57,3
(20006), 227-255.

(24)K. Hansson, Imbedding theorems of Sobolev type in potential
theory, Math. Scand. 45 (1979), 77-102.

(25) R. Kerman, L.Pick, Optimal Sobolev imbeddings, Forum
Math.18,4 (2006), 535-570.

(26) V. G. Maz’ya, Sobolev spaces with applications to elliptic
partial differential equations, Springer Ser. Sov Math. Springer,
Berlin, (2011).

b2022 gulgu--1443 daall g3 -(ald) ygpirellg pilill 222l - &igiw g1) Gosao drolc dlao m




Isam Eldin Ishag Idris - Fadool Abass Fadool

(27)L.Nirenberg, On elliptic partial differential equations, Ann.
Sc. Norm.Sup. Pisa 13 (1959), 115-162.

(28)R.O’Neil, Convolution operators and L(p, g)L(p, q) spaces,
Duke Math. J. 30 (1963), 129-142.

(29)B.Opic and L.Pick, On generalized Lorentz-Zygmund spaces,
Math. Ineq. Appl. 2 (1999), 391-467.

(30)[30] J. Peetre, Espaces d’interpolation et théoréme de Soboleft,
Ann. Inst. Fourier 16 (1966), 279-317.

(31) L. Pick, A. Kufner, O. John and S. Fucik, Function Spaces,
Volume 1, 2" Revised and Extended Edition, De Gruyter Series

in Nonlinear Analysis and applications 14, De Gruyter, Berlin
(2013).

(32)S .I. Pohozaev, On the imbedding Sobolev theorem for pl =n
pl = n, Doklady Conference, Section Math. Moscow Power
Inst. (1965), 158-170 (Russian).

(33)[33] E. Sawyer, Boundedness of classical operators on classical
Lorentz spaces, Studia Math. 96 (1990), 145-158.

(34)S.L. Sobolev, Applications of functional Analysis in
Mathematical Physics, Transl. of Mathem. Monographs.
American Math. Soc., Providence, R.1. 7, (1963).

(35)E.Sten, Singular integrals and differentiability properties of
functions, Princeton University Press, Princeton, New Jersey,
(1970).

(36)G. Talenti, Best constant in Sobolev inequality, Ann. Mat. Pura
App. 110(1976),353-372.

(37)C. Tarsi, Adams’ inequality and limiting Sobolev embeddings
into Zygmund spaces, Potentional Anal. 37 (2012), 353-385.
(38)N.S. Trudinger, On imbeddings into Orlicz spaces and some

applications, J. Mech. Anal. 17 (1967), 473-483.

n 02022 g1lgi- £1443 a3all ga ~(ald) g pirellg Nilill 222l - Gygium g1) Gobao drolc dlao




Various Characterizations of Optimal Sobolev trace embeddings

(39)V.I. Yudovich, Some estimates connected with integral
operators and with solutions of elliptic equations, Soviet Math.
Dokl. 2 (1961), 746-749 (Russian).

(40)W.P. Ziemer, Weakly differentiable functions, Graduate texts
in Math. 120, Springer, Berlin, (1989).

b2022 gulgu--1443 daall g3 -(ald) ygpirellg pilill 222l - &igiw g1) Gosao drolc dlao




