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 Abstract
We establish a new solution of ordinary differential equation 

(ODEs) and partial differential equation (PDEs) using Hankel 
transform methods and compare the  new solutions  with other 
methods, This method  very efficient, easy and not wide use in 
solving some problem in ordinary differential equations (ODEs).
and Partial differential equations (PDEs) compared with the other 
methods , apply the Hankel transform method in many different 
areas of physics and   engineering. In this paper we used some 
mathematics program (Matlab)Results: we found Hankel transform 
is very useful for solving solution of ordinary differential equation 
(ODEs) and partial differential equation (PDEs) using Hankel 
transform methods and compare the  new solutions  with other 
methods, apply the Hankel transform method in many different 
areas of physics and   engineering
Keywords: Hankel transform, Bessel transform,  Ordinary Differential 
Equation , Partial Differential Equation , Bessel functions 

مستخلص:
ــة  ــة التفاضلي ــدًا للمعادل ــاً جدي ــدًا ح ــاً جدي ــس ح ــو أن نؤس ــة ه ــذه الدراس ــن ه ــدف م اله

ــة  ــل Hankel ومقارن ــرق تحوي ــتخدام ط ــة )PDEs( باس ــة الجزئي ــة التفاضلي ــة )ODEs( والمعادل العادي

الحلــول الجديــدة بالطــرق الأخــرى ، هــذه الطريقــة فعالــة جــدًا وســهلة الاســتخدام وليســت عــى نطــاق 

واســع في حــل بعــض المشــكلات في المعــادلات التفاضليــة العاديــة )ODEs( والمعــادلات التفاضليــة الجزئيــة 

)PDEs( مقارنــة بالطــرق الأخــرى ، يتــم تطبيــق طريقــة تحويــل هانــكل في العديــد مــن مجــالات الفيزيــاء 

ــا  ــج: وجدن ــات )ماتلاب(.النتائ ــج الرياضي ــض برام ــتخدمنا بع ــث اس ــذا البح ــة. في ه ــة المختلف والهندس

تحويــل هانــكل مفيــدًا جــدًا في حــل المعادلــة التفاضليــة العاديــة )ODEs( والمعادلــة التفاضليــة الجزئيــة 

)PDEs( باســتخدام طــرق تحويــل هانــكل ومقارنــة الحلــول الجديــدة بالطــرق الأخــرى ، وتطبيــق طريقــة 
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تحويــل هانــكل في العديــد مــن مجــالات الفيزيــاء المختلفــة والهندســة.

الكلــات المفتاحية:تحويــل هانــكل ، تحويــل بيســل ، معادلــة تفاضليــة عاديــة ، معادلــة تفاضليــة 

جزئيــة ، دوال بيســل 
Introduction:

In mathematics, the Hankel transform expresses any given 
function f(r) as the weighted sum of an infinite number of Bessel 
functions of the first kind Jν(kr). The Bessel functions in the sum 
are all of the same order ν, but differ in a scaling factor k along the 
r axis. ... It is also known as the Fourier–Bessel transform(1).

In 1960 B.R.Bhonsle obtain a relation between the Laplace 
transform of  and the Hankel transform of  ,when 

.The result is stated in the form of a theorem(2): 

 
    Where:  

 
   Proof. Since  we have, by the Hankel transform 
inversion theorem. (3) 

            In 1974 J.R.RIDENHOUR and R.P.SONT assume : let  , 
the Hankel transform of  , defined by  
It is proved that 
the Parseval relation  holds , 
if (i)

 for each finite  , f is bounded variation in , - for 
some , and 

 . (ii)  ,  is of bounded variation in a 
neighborhood of every point where f is not and  
as  for some . (4) 
          In 1983 ROB BISSELINC AND RONNIE KOSLOFF, A 
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new method is presented for the solution of the time dependent 
Schrödinger equation, expressed in polar or spherical coordinates. 
The radial part of the Laplacian operator is computed using a Fast 
Hankel Transform. An algorithm for the FHT is described, based 
on the Fast Fourier Transform. The accuracy of the Hankel method 
is checked for the two- and three-dimensional harmonic oscillator 
by comparing with the analytical solution. The Hankel method 
is applied to the system , with Delves hyperspherical 
coordinates and is compared to the Fourier method. (5) 
         In 1997 I.ALI and S.KALLA , introduce a generalized form of 
the Hankel transform , and study some of its properties. A partial 
differential equation 
associated with the problem of transport of a heavy pollutant 
(dust) from the ground level sources within the framework of the 
diffusion theory is treated by this integral transform. The pollutant 
concentration is expressed in terms of a given flux of dust from the 
ground surface to the atmosphere. (6) 
1.2 Problem Statement: 
          In this research , we will use Hankel transform method 
to find the solution of partial differential equations , and apply 
relationship between Hankel transform and Fourier transform and 
applications . 
1.3 Objective: 
          We establish a new solution of ordinary differential equation 
(ODEs) and partial differential equation (PDEs) using Hankel 
transform methods and compare the  new solutions  with other 
methods. 
1.4 Research Methodology: 
   The method that we use to solve some problem in differential 
equations as follows   

1.	 We apply the Hankel transform method in many different 
areas of physics 
And   engineering 



مجلة علمية محكمة ربع سنوية - العدد الثالث عشر )خاص(- رجب  1443هـ - فبراير 2022م 156

Some Aspects of apply the Hankel transform method in many different areas of physics and   Engineering

Applications  

The Electrified Disc 
Let  be the electric potential due to a flat circular electrified disc, 
with radius 

, the center of the disc being at the origin of the 
three-dimensional space and its axis along the . 
In polar coordinates, the potential satisfies (7)

Laplace’s equation 

                                   (1) 
 
The boundary conditions are  

                                 (2)                  

              (3) 

In (3.9.2),  is the potential of the disc. Condition (3.9.3) arises 
from the 
symmetry about the plane  
Let 

 

 
FIGURE 3.1 Electrical potential due to an electrified disc 
So that  
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the solution of this differential equation is  
                    
where A and B are functions that we have to 
determine using the boundary conditions. 
Because the potential vanishes as  tends to 
infinity, we have . By inverting the 
Hankel transform, we have (8)

 

                                        (4) 
 
The boundary conditions are now 

 
(5) 
 

 
(6) 
 
Using entries (8) and (9) of Table 9.1 , we see that  

 so that  
 

                               (7) 
 
In Figure 3.1 , the graphical representation of 

	  for 	  is depicted on the domain 
 . The evaluation of  

requires numerical integration . 
Equations(4) and (5) are special cases of the more general 
pair of equations  (9)

               (8)             
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                               (9) 
 
Where  is to be determined . 
   The solution of (3.9.3) can be expressed as a repeated integral . 
(10) 
 

 
 

 
 
If  then  

                             (10) 
 
With  further 
simplification is possible: 
 

                                       (11) 
 
Theorem 1. (11) Let  be an integer sequence and  
its Binomial transform. Then the same 
Hankel transform.
Proof. Let 	
 and 	 and define  to be the 
matrix , where the elements of are given by 
 

 and 
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And  denotes the usual binomial coefficient. Then the elements 
of  are 

 
 
which, by making slight changes of variables, gives 
 

 
 
By the well-known Vandermonde convolution formula 
[4] and another slight change of variable, this reduces 
to 

 
 
which, by the definition of the Binomial transform (see [5]), is 

 , thus showing that  is the Hankel matrix of sequence 
. Thus the terms of the Hankel transforms of the sequences 

 are  respectively, where 
, and  are the upper-left submatrices of order (12)

H, respectively. But  are 
both triangular with all 1’s on 
the main diagonal, thus are both 1, and 
therefore 

, completing the 
proof. 
Theorem 2. Let  be an integer sequence and  
its Invert transform. Then have the same 
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Hankel transform.
Proof Let  and and define 

 to be the 
matrix , where the elements of  are given 
by 

   and 

 
 
where  is defined to be 1. Then the element of  
given by 
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showing that elements of H* are constant along anti-diagonals. 
But, clearly, 
 

  

  
the last step following from the definition of the Invert 
transform ,which shows that  or, in other 
words, that H* is the Hankel matrix of B. Since 

 are triangular with diagonals consisting of all 
1’s, this shows that the Hankel determinants of  are 
the same as those for , and thu have the same 
Hankel transform. (13)

Calculation of The Hankel Transform Using Preliminary 
Wavelet 
Transform  
        The Hankel transform is a very useful instrument in a wide 
range of physical problems which have an axial symmetry 
(POSTNIKOV, ABOUT 
CALCULATION OF THE HANKEL TRANSFORM USING 
PRELIMINARY 
WAVELET TRANSFORM, 2003). The influence of the Laplacian 
on a function in a cylindrical coordinates is equal to the product of 
the squared parameter of the transformation and the transform of 
the function(14) 
 

 
                                                                                     (16) 
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The Hankel transforms of the null  and the first
 kind are represented as 

 

 
                                                                                           (17) 

 
 
Besides, those integrals like (2) are connected with the problems 
of geophysics and cosmology, for example, [6, 8].However, 
practical calculation of direct and inverse Hankel transform is 
connected with two problems(15). The first problem is based on 
the fact that not every transform in the real physical situation 
has analytical expression for result of inverse Hankel transform. 
The second one is the determination of functions as a set of their 
values for numerical calculations. Large bibliography on those 
issues can be found , The classical trapezoidal rule, Cotes rule, 
and other rules connected with the replacement of integrand 
by sequence of polynoms have high accuracy if integrand is a 
smooth function. (16) 
But  is a quick oscillating 
function if r (or p) is large. There are two general methods of 
the effective calculation in this area. The first is the fast Hankel 
transform [7]. The specification of that method is transforming 
the function to the logarithmical space and fast Fourier transform 
in that space. This method needs a smoothing of the function in 
logs pace. The second method is based on the separation of the 
integrand into product of slowly varying component and a rapidly 
oscillating Bessel function [2]. But it needs the smoothness of the 
slow component for its approximation 
by low-order polynoms. 
The goal of this paper is to apply wavelet transform with Haar 
bases 
to (2). The both direct and inverse transforms (2) are symmetric. 
Consider only one of them, for example, direct transform. Denote 

 Then, the Hankel transform is (17)



163مجلة علمية محكمة ربع سنوية - العدد الثالث عشر )خاص(- رجب  1443هـ - فبراير 2022م

Dr. Wigdan Magboul Ahmed Mohammed

 

                                            (18) 
       The expansion  into wavelet series 
with the Haar bases is 
(see [3]) 
                              (19) 

 
                  

(3.9.4.5)      
 

 
 After substituting

١١ 
 

  
After substituting 
(4) into (3) , one has    

   
                                                                                         (21)  

  
  
Making use of integrals of [1] , we have , as result ,   
  

(22)  
  

  
  

                                                                                        (23)  
where  is a Struve function of 
the null and the first kind.  
    The most sufficient result is that (8) and (9) are exact. They can be used 
in any analytical expressions. Especially it is useful for Hankel transform 
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١٢ 
 

of the first kind because (9) contains only a combination of Bessel 
functions, and one can use their properties such as orthogonally, (18)  
known locality of the zeros, and extremums. The coefficients 
means average value of  at the range , - is  
  

                                                        (24)  
  
The detail coefficients are  
  

           (25)  
  
Formulas (8) and (9) allow us to get a full analytical solution if the integrals 
above have close form solution. In the opposite case, the solution must be 
numerical but this method provides an effective algorithm for that. It is 
obvious that decrease very quickly if  is a smooth function. One can 
practically use , where  is small. The largest detail coefficients are 
concentrated around steps, sharp vertices, and discontinues of  and one 
can appropriate that they are equal to zero in other areas(19).  
Consider, for example, a function with known analytical Hankel transform  
  

                                          (26)  
  
The approximation and detail coefficients may be calculated 
analytically in a closed form  
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١٣ 
 

                               
(27)  
  

  
  
Thus (23), with the coefficients (27), is the exact representation of the 
Hankel transform. Consider the approximate solution. Suppose that the 
function (26) is known only in the  Then there is the series, 
instead of (19),  

      ( )  
                 
  
  

 (a)  
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١٤ 
 

  
(b)  
  
If  then (14) is exact for this truncated function. In practice, one uses 
only small . For example, we can see the original function 
(12) (the replacement  is used) and the transform in Figure 
1. One can see that the exact transform (solid line) and the transform at 
level  (dotted line) coincide in this figure. The absolute errors 
between the exact transform and the approximate transform at the 
levels  (solid line), (dashed line), and (dotted line)  
are represented in Figure 2a. It is oblivious that the error is small in 
comparison with the values of the . The absolute error at the level 

 in a wide range of  is plotted in Figure 2a. One can see that this 
error has quasi periodic oscillations because the function is truncated. But 
they  



167مجلة علمية محكمة ربع سنوية - العدد الثالث عشر )خاص(- رجب  1443هـ - فبراير 2022م

Dr. Wigdan Magboul Ahmed Mohammed

١٥ 
 

  
(a)  

 (b)  
decrease with the growth of  when oscillations in classical 
fast Hankel transform [6] increase.  
  
Heat Conduction 

Heat is supplied at a constant rate Q per unit area and per unit time through 
a  
circular disc of radius  , to the semi-infinite space 

 The thermal conductivity of the space is k . The plane  outside 
the disc is insulated . The mathematical model of this problem is very 
similar to that of section 5.1 . The temperature is denoted by . We 
have again the Laplace Equation (3.26) in polar coordinates , but the 
boundary condition are now (20)
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١٦ 
 

                               (28) 
The Hankel transform of the differential equation is again   
  

                                 (29)  
We can now transform also the boundary condition , using 
formula: (21)  
  

                                   (30) 
  
The solution of (3.9.13) must remain finite as  tends to infinity . We have   
  
                             
Using the condition (3.9.15) we can determine  
                                
  
Consequently , the temperature is given by   
  

                 (31)  
Conclusions and Future outlook : 

We found Hankel transform is very useful for solving solution of ordinary 
differential equation (ODEs) and partial differential equation (PDEs) using 
Hankel transform methods and compare the  new solutions  with other 
methods, apply the Hankel transform method in many different areas of 
physics and   engineering . In this paper we used some mathematics 
program (Matlab) to given analytical solution for rationalized Haar 
wavelets , and it can used for solve anther problem by change  in the final 
equation.     

 This method  very efficient, easy and not wide use in solving some 
problem in ordinary differential equations (ODEs).and Partial differential 
equations (PDEs) compared with the other methods . 



169مجلة علمية محكمة ربع سنوية - العدد الثالث عشر )خاص(- رجب  1443هـ - فبراير 2022م

Dr. Wigdan Magboul Ahmed Mohammed

References:
(1)	

Computer Journal, 14 (1971) 422–425

(2)	 An improved method for computing Hankel transform. (2009). 
Journal oftheFranklinInstitute346, 10. 

(3)	  Erd´elyi, A., (1940). On fractional integration and its application 
to the theory of Hankel transforms, Quart J. Math., 11, 293–303.  

(4)	 S. Goldstein, Operational representations of Whittaker‟s 
confluent hypergeometric function and Weber‟s parabolic 
cylinder function, Proc. London Math . Soc.(2)34(1932)103-
125

(5)	  Kober, H., (1943a). A note on Hilbert transforms, Quart. J. 
Math. Oxford.,14, 49–54. 

(6)	  Kalla, S. L., (1980). Operators of Fractional Integration, In 
Lecture , pp. 38–47

(7)	 S.M.Candel,Du alalgorithms  for fast calculation of the Fourier– 
Bessel transform , IEEE Trans. Acoust . Speech SignalProcess.
ASSP29(1981)963–972. 

(8)	  S¨olingen, H., (1954). Zur Theorie der endlichen 
HilbertTransformation,Math. Z, 60, 31–37. 

(9)	  Sheehan, J. P., and Debnath, L., (1972). On the dynamic 
response of an infinite Bernoulli-Euler beam, Pure and Appl. 
Geophysics, 97, 100–110 . 

(10)	Lacroix, S. F., (1819). Trait´e Du Calcul Diff´erentiel et du 
Calcul Int´egral,2nd ed., 3, 409–410

(11)	Srivastava, K. N., (1965). On Gegenbaur transforms, Math. 
Student, 33,129–136. 

(12)	Stieltjes, T. S., (1894). Recherches sur les fractions continues, 
Annales de la Facult´e des Sciences de Toulouse, 18, 1–123. 

(13)	Sneddon, I. N., (1969). The inversion of Hankel transforms of 
order zero and unity, Glasgow Math. J., 10, 156–168 . 

(14)	J. C. P. Bus and T. J. Dekker, “Two Efficient Algorithms with 
Guaranteed Convergence for Finding a Zero of a Function”, 
ACM Transactions of Mathematical Software, Vol.: 1 No.: 4 



مجلة علمية محكمة ربع سنوية - العدد الثالث عشر )خاص(- رجب  1443هـ - فبراير 2022م 170

Some Aspects of apply the Hankel transform method in many different areas of physics and   Engineering

(1975) 330–345
(15)	Schiff, J. L., (1999). The Laplace Transforms, Theory and 

Applications, Springer-Verlag, New York. Scott, E. J., (1953). 
Jacobi transforms, Quart. J. Math., 4, 36–40. Sci., 10, 641–
670.Sci., Paris, 2, 137, 554–558. 

(16)	T. A. ZANG, Y. S. WONG, AND M. Y. 
HUSSAINI, J. Compur .Phys. 48 (1982), 485. 
T´ec. Ing. Univ. Zulia, 9, 27–34

(17)	Tamarkin, J. D., and Shohat, J. A., (1943). 
The Problem of Moments, [423] Temple, G., 
(1953). Theories and applications of generalized 
functions, J. London Math. Soc., 28, 134–148. 

(18)	Temple, G., (1955). The theory of generalized 
functions, Proc. Roy. Soc.London, Series A, 228, 
175–190. 

(19)	Titchmarsh, E. C., (1928). On conjugate functions, 
Proc. London Math.Soc., 29, 49–80. 

(20)	The Parseval formulae for monotone functions, 
Ibid., 43 (1947), pp. 289-306. 

(21)	V.S. Kulkarni, K.C. Deshmukh, An inverse quasi-static steady-
state in a thick circular plate, J. Franklin Inst. 345 (1) (2008) 
29–38. 


