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Abstract

We use Kolyada’ s inequality and its converse form and the work ofAnténio M. Caetano, Amiran
E+$2—1

Gogatishvili [17] to show sharp embeddings of Besov spaces B1 (involving the zero classical smoothness and

+€, 1+e

a logarithmic smoothness with the sma]]exponent ) into Lorentz—Zygmund spaces. We also determine the

e+sz—1

small growth envelopes of spaces Bl+s L +e - In distinction to the case when theclassical smoothness is positive, we
show that we cannot describe all embeddings in question in terms of the smallgrowth envelopes
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1. Introduction

e+e?—1 e+e?—1
We show sharp embeddings of Besovspaces Bl+511+_f_€ = Bl+511*'_§€ (R™),0 <€ < oo, into Lorentz—

Zygmund spaces L1+E}1+3e;y L1+5‘1+35W(R ),0 < € < o0 and y € Rfollowing the full methodology of Anténio

e+e?

M. Caetano, Amiran Gogatishvili [17]. The Besovspaces Bl+s lic> are defined by means of the modulus of
continuity and they involve the zero classical smoothness and a logarithmic smoothness with the small exponent

2_
crerol of By the Lorentz—Zygmund space L1+E 1+3¢; We mean the set of all measurable functions on R™ with

1+e
the finite quasi-norm

1 1+3€ 1+3€
(f (1 + e)ire (1 + [In(1 + e)PYAF3 (1 + €)1 +3€ w} (€}
o

1+e€
(with the usual modification when € = o).
First, Theorem 3.1 (see [17]) mentioned below states that the (continuous) embedding
e+e?—1
B\ i O Lfferssey 2
with
_e+3e*-1 1 4
1+ 3e max{1 +¢€,1+ 3¢} ®
holds if and only if € = 0. Consequently, when € = 0, (2) holds with any ysatisfying
€+3€2—1 1
Y= 5
1+ 3e max{1l + €, 1 + 3¢}
2_
Second, if € = 0, then, by Theorem 3.2 mentioned below, embedding (2) cannot hold with y > %

1
max{1+€,1+3€}
For example, it shows that we cannot make the target space in (2) (withy from (3)) smaller by writing some small
powers of iterated logarithms inside the quasi-norm (1) of the space Lll"fE'1+3s;V (see [17]).

There are two main ingredients of our proofs of these results. The first one is Kolyada’s inequality recalled in
Proposition 4.7. This inequality gives an estimate from below of the modulus of continuity of a function f €
Liye = L14¢(R™),0 < € < o0, in terms of its non-increasing rearrangement. The second one is the ‘“inverse
Kolyada inequality’’ which is formulated in Proposition 3.5 and showed in this paper. Using these inequalities, we
can reduce embedding (2) to a reverse Hardy inequality restricted to the cone of non-increasing functions—cf.
Proposition 3.6 ([17]).

Embeddings of Besov spaces into rearrangement invariant spaces were considered by Goldman [7],
Goldman and Kerman [8], and Netrusov [14]. These authors used different methods and considered a more general
setting. However, as mentioned in [7], the characterization of embedding (2) can be obtained from [14] only when
€ = 0,here.Furthermore, the methods used in [7] also do not allow to consider the full range of parameters. Indeed,

This means that embedding (2) with y given by (3) is sharp. Actually, Theorem 3.2 states even more.
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spaces was USed. WM [ GETiniuon, me nouon of me Smail growtn envelope 1s Mmeanngrul even wnen s =
0,0<e<wand 1<14e<min{l+¢2} (aso-called borderline case). The best what is known in such a
1

case—cf. [12]—is that the growth envelope function is (1+ €) "+ (as expected), and that the fine index should be
between 1 + €.

Growth envelopes have been also studied for Besov spaces Bl(f:? 4¢ 10 [439], where ¥ stands for a

function of log-type and s € (0,&]. We refer to [2,10,1] for results on growth envelopes of more general Besov

(and also Triebel-Lizorkin) spaces of generalized smoothness. While in [2-4] the Fourier analytical definition of
spaces was used, in [9,10] an equivalent definition based on the modulus of smoothness was employed.
On the other hand, no information has been obtained for the borderline case mentioned above when s = 0 and
when all the known techniques do not work.

etel-1

We determine the smallgrowth envelope of the Besovspace Bl; c11es (that is when s = 0) defined by

means of the modulus of continuity that proved by [17]. If 0 < € < oo, then the smallgrowth envelope of the space

erel-1

0; . . i
B, M is the pair ((14€) (14 [In(1+ €))7, max{1+ ¢ 1+ €})—cf. Theorem 3.3. There are some

1+€1+€’

etel-1

interesting features of this result. In distinction to results on smallgrowth envelopes of Besov spaces Bljr c1ie With

s € (0,n/(1+¢€)], the first index 1+ € plays a new role here: it is involved in the fine index, which is not 1+ €

now but max{1 + ¢, 1 + €}. Furthermore, another new phenomenon appears here. Namely, the embedding of the
etel-1
" 1te

1te1te’

Besov space B
e+e?-1

81;31;15 4o When 0 <€ <oo—cf. 14 3¢, 1+ € —fc.Remark 3.4. The paper is organized as follows. In Section 2 we

give notation and basic definitions. Main results are presented in Section 3. Section 4 is devoted to auxiliary
assertions. In subsequent sections (Sections 5-9) main results are shown.
2. Notation and basic definitions

Given two non-negative expressions Aand B, the symbol A < B means that A < ¢B for some positive

constant ¢ independent of the variables in the expressions A and B. If A < Band B S A, we write A ~ B and say
that A and B are equivalent.
Given a set 4, its characteristic function is denoted by y4. Given two sets Aand B, we write AAB for their
symmetric difference. For @ € R"and € > 0, the notation B(a, 1+ €) stands for the small closed ball in R
centred at a with radius 1+ €. The volume of B(0,1) in R™ is denoted by V;, though, in general, we use the
notation |+|,, for Lebesgue measure in R™.

Let (2 be a Borel subset of R". The symbol M (Q2) is used to denote the family of all complex-valued or
extended real-valued (Lebesgue-)measurable functions defined and finite a.e. on . By M () we mean the subset
of My (() consisting of those functions which are non-negative a.e. on (. If Q = (a,a + €) C R, we write simply
My (a,a + €) and M (a,a + €) instead of My ((a, @ + €)) and My ((a, a + €)), respectively. By My (a,a + €;1)
or M (@,a + € 1) we mean the collection of all f € M (a, a + €) which are non-increasing or non-decreasing
on (a,a +€), respectively. Finally, by AC(a,a + €) we denote the family of all real-valued functions which are
locally absolutely continuous on (a,a + €) (that is, absolutely continuous on any small closed subinterval of
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\ 1+€€Q
is finite. When Q = R", we simplify L;4¢(Q) to Lyiyc and ||+ [l11eq t0 ||+ li4e -
Given f € Ly,.,0 < € < oo, the first difference operator A, of step h € R™ transforms f in A, f defined
by
@)= f(* + h) = f(&?), **€R,
whereas the modulus of continuity of f is given by
0i(f, 14 uee = Sup [hnfllive, €20,
|h|s1+€
We introduce (see [17]) the Besov function spaces with the zero classical smoothness which we shall
consider. The smoothness will be controlled by somesmall power of £(1 + €), where £(1+€):= 1 + |In1+¢€],
€= 0.
y et+e?-1
Definition 2.1. Given 0 < € < o,and e ER,

2

agF -1 1 etel-1
Bl+e,11+ie:= f€Lye s lIfll 05+ez—1:= Ifll1se + H(l +e) el e (14 E)w%(frl +E)14e <.
Bl iente 1+€(01)
1 eteto1
Note that, since w?(f,1+€)14e S [Ifllise, only the case ||(1+€) el 1ve (1+€) =0 (or,
1+6,0,1)
ete?-1

equivalently, € > 0 if 1 + € is finite and € > 0 if 1 + € is infinity) is of interest; otherwise Bl; erte = Lige

We shall occasionally need the notion of Borel measure p associated with a non-decreasing function g :
(a,a+€) € R, where —o0 < € < 0. By this we mean the unique (non-negative) measure on the Borel subsets of
(a,a +€) suchthat u([c,d]) = g(d+) — g(c—) forall [c,d] € (a,a +¢).
We show the notion of growth envelope of the function space A (see [12] for details).
Definition 2.2. Let (4, ]| - [|4) € My (R™) be a quasi-normed space such that A + Ly, A positive, non-increasing,
continuous function pi;, defined on some interval (0, €], & € (0, 1), is called the (local) growth envelope function of
the space A provided that
h(1+e)~ sup f*(14¢) foral-1<e<e-1

Ifllas1
Given a growth envelope function h of the space A (determined up to equivalence near zero) and a number
u € (0, 0], we call the pair (h, u) the (local) growth envelope of the space A when the inequality
1

f(l+e) Tze
(J(o,s) (m) A1+ f>> S Iflla

(with the usual modification when € = o0) holds for all f € A if and only if the positive exponent (1 + 2€)
satisfies 1+ 2¢ > u. Here py is the Borel measure associated with the non-decreasing function H(1 +¢€): =
—Inh(1+¢€),e> 0. The component u in the growth envelope pair is called the fine index.

3. Main results (see [17])

Theorem 3.1. If 0 < € < oo, then the inequality

1 e(1+26)-1

€
||(1 + €)(ta(it2e) fmax{iter+ze)  1+2¢ 1+ E)f*(l +¢€)

S ”f” 06+ez—1 (4')
B

'o1te

1+26,(0,1)
1+e1+€
ete?-1

holds for all f € B, ¢ | ifand only if € > 0.

1+€1+€’

Theorem 3.2. Let 0 < € < oo, and let k € M (0, 1;1). Then the inequality

e+262-1

€ 1
(1 + e)(1+e)(1+25)[ 142€ 'max(1+e,1+ze}(1 + 6) K(l + G)f*(l + 6)

s ”f" 06+52—1 (5)

1+2€,0,1) Bl

ete?-1

holds for all f € B, **¢_ ifand only if k is bounded.

1+€1+e’
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is small enough. Since H'(1+¢€) = ﬁ for all € > 0, the measure py associated with the function H satisfies

duy(1+¢€) = % . Thus, by Definition 2.2 and Theorem 3.3,

i f*(l + E) 0’e+62—1
|(1 +¢€) 1+2sm s IFI OeJrez_lfOI‘ allf € B1+e,11+-f—e (6)
1+2€,(0,¢) Bhroie
provided that
1+2e>max{l+¢1+¢€} ™

Hence, if (7) holds, then inequality (6) gives the same result as inequality (4) of Theorem 3.1. However, if
€ > 0, inequality (6) does not hold (cf. Theorem 3.2), while inequality (4) does. This means that the embeddings of

e+e?-1

Besov spaces B, +31;f +e» given by Theorem 3.1 cannot be described in terms of growth envelopes when 0 < € < oo

Two of the main ingredients in the proofs of Theorems 3.1-3.3 are Proposition 4.7 (Kolyada’s inequality)
and Proposition 3.5 (which we call the “inverse”” Kolyada inequality) mentioned below.
Proposition 3.5. (i) Let f € L; and let F(x?): = f*(V,|x?|"),x? € R™ Then

(1+e)™ L3 N
w¥(F,1+e) s nf f(s)ds + (m—1)(1 + e)f f*(s)s nds
0 (

1+e)n

[oe] N dS
—(1+9) ( [ s (r- f*(s))du—> ®)
(1+e)n 0 S
foralle > Oand f € L.
(i) Let0<e<oo,f €L andletF (x?) = f**(V,|x%|™),x* € R™ Then
1
o 14 (S ds\1+e
WHF 14 O ppe S (146 ( [ [ rw- f*(s))“fdu_)

(1+e)n 0 S

foralle > Oand f € Ly .

In fact, Propositions 4.7 and 3.5 enable us to reduce the embedding in question to the following assertion:

2_
Proposition 3.6. Let 0 < e < 00,% € R and let w? be a measurable function on (0, 1). Then

1
lw?@+e)f (1 +Ollszeon S NIl erezs(9)

Tite
Biteire

ere?-1

forall f € B, eqte» ifandonly if

lw*( +€)f*(1+ 1426001

i j (W _f*(s))mdu@)m (10)
0 S

1+4€,(0,1)

€ etel-1 2
S [|(1+ €)1+l 1ve (1+e)<J
(1+e)n
for all f € My(R"™) such that [supp f|,, < 1.
4. Preliminaries
The following easy estimates are quite useful and will be used without further notice whenever convenient:
if 0 < € < ooand (a + €) € R, then

€(1+€)-1 €(1+€)+1
||(1 +¢€) e £(1+e)?te ~ T¢¢(T)** €and H(l +e)” (1+: (1 + e)2te ~ TE4(T)%*e
1+€,0,T) 1+¢€,(T,0)
forall T € (0, ).
We shall also need the following geometric estimate (see [17]):
Proposition 4.1. Foralla,a + ¢ € R"and € > 0,
[B(a,1+€)AB(a+e€1+6)l, S lel(1+e)" L (11)

Proof. Since the cases € = 0 or € = —1 are obvious, we assume that € = Oand € > 0.

If |e| > %, then |B(a,1+ €)AB(a+¢€,1+€)], S (1+ €)™ < 2|e|(1+ €)™ *and (11) follows.

If |e] S%, then the inclusion B(a,1+¢€ — |e]) € B(a+¢€,1+€) and its symmetric counterpart
B(a+¢€1+€ — |e]) € B(a, 1+ ¢€) imply that
B(a,1+€)AB(a+¢€1+¢€)C (B(a,1+e)\B(a,1+e = |E|))U(B(a+e,1+e)\B(a+e,1+E— leD)

Consequently,
|B(a,1+€)AB(a+¢€1+€),s(1+e)" — (1+e— |e)?
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n
n .
<lell+e™ 2 n+ Z (}) 270D | % |e](1 + €)™ L.
j=2
Next we present two monotonicity results (see [17]):
Proposition 4.2. Given € > 0 and a non-increasing function g : (0,) — R, the function

1+e— fl+e(g(s) - g1+ 6))1+Ed5 (12)
is non-decreasing on (0, ). In particular? if f € My(R™), then the functions
1+em J-He(f*(s) - fr(1+ e))“eds (13)
and ’
l+e— (1+e(f"(1+e)- f'(1+e) (14)

are non-decreasing on (0, o).

Proof. Given 0 < € < o,

1+e 1+2¢

1+e
(96)- g +e) “ds< | (9(s) - g(1+26) “ds < f (9(s) - g(1 +2)) " ds.
o 0

Proposition 4.3. Let be a (non-negative) measure on (0, ) such that [1 4+ €, 00) € (0,0) for all 0 < € < 0. Let
g € M (0,00; 7). Then the function

1+e—u[l+e,0)7? gdu
[1+€,00)
is also non-decreasing on (0, ).

Proof. First note that the conclusion is plain if f[1 re) 9 dp is infinite for all (1 + €). On the other hand, if it is
finite for some (1 + €), it is finite for all (1 + €) (due to the hypotheses of the proposition). Therefore,for 0 < e <

w'
1 gy Jnre120 9 B H fuvaen 9 KL+ 1426090 +26) + [y e 9
U1 + € 00) [1+5,oo)g e 1+ € 00) - [l + € )
U1+ 61+ 2e)u[l + 2¢,0) u[1 + 2¢,0)g(1 + 2¢) + f[1+26 )9 A

- w1 + € )
< WL+ e 1+20ull +26,00) f[1+26.00)g du + J‘[1+25,oc)‘g du
- U1+ € 00)
_p[l+e1+2€)+p[l+2€0) 1

dp=—o du.
‘H[l + €, 00)[1[1 it 26! OO) [1+25,oo)g H[l + 26: 00) [1+26,00)g

Now we proceed by recalling some properties of the maximal functions f** of elements f € L;,,,0 < € < co.

Such functions f are locally integrable in R™ and so the function 1 + € ~ fOHE f*(s)ds belongs to AC(0, ) and
1+e

ﬁfo frs)ds = f'(1+€) aein(0).

Consequently,
1
™)' Q+e) = —1—+e(f**(1 +e)—f"(1+¢€)) a.e.in(0,0). (15)

On the other hand, since the function 1 + € » ﬁ also belongs to AC(0,0), the same can be said about
f** and we can write, forany 0 < € < oo,

1+2¢ 1+2¢€
fra+20-f"(1+e)= (f™) (s)ds = f ((F)(s) = f*())ds (16)
1+e 1+e
In order to prove the next proposition involving f*and f**, we need classical Hardy’s inequalities (see, for
example, [11, pp. 240, 244]) and [17].

Given 0 < € < oo and a non-negative, measurable function fon (0, ),
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and that
v2(s)
JLO o Sl+26 + (1 + €)1+E ds <
for all 0 < € < oo. Then the inequality

1 1
o T+e © 1+2€
(J. w1+ e)f*(1+e)tted(1 + e)) < (f v2(1+e)f*(1+e)t%€d(1 + e)> (19)
0 0
holds for all measurable f on R™ if and only if

(+2e)(1+€) _2(1+2¢)(1t+e) 1+2€
w(dt6) ¢ sup y~ e WQOHE =
2 €,0
f yeeli+ee) V140 [ sn2(s)ds (1 + €%d(1 + €) < 0. (20)
0 (V(l +6)+ (1+e)+2e f::ES_(HZE)vZ(S)dS) € 1+€
Proposition 4.9.Let 0 < € < o, let v2,w? be non-negative, locally integrable functions on (0,00) and put
Wl+e):= f01+6 w?(s)ds,e > 0. Consider the function
v (D)
@(1+€) := esssup sess sup , 0<e< oo (21)

se(0,1+€)  T€(0,00)
This function is quasi-concave (that is, ¢ is equivalent to a function in Mg (0,0;T) while % is
equivalent to a function in M (0, 00; 1). Assume that ¢ is non-degenerate, that is,
I A+e) =l I o(1+¢€) ) 1+€
im €) = lim = lim = lim ———=0.
1+€-0, ¢ esop(l+e) e 146 1+e-04 (14 €)
Let v2 be a non-negative Borel measure on [0, ) such that
1 J’ dv?(s)
o(1 +e)t+e ~ [0,00)51+e +(1+e)t+e

(22)

forall 0 < e < co.

Then the inequality
1
Tte

(J- w1l +e)f (1+e)tted(1 + E)) Sesssupv?(1+e)f*™(1+¢€)(23)
0 0<e<oo

holds for all measurable f on R™ if and only if

W(s

dez“ +6€) < . (24)

su
f[O,oo) s€(1+[6).°°) stte

5. Proof of Proposition 3.5
First we prove the following auxiliary result [17]:
Lemma 5.1. Let g € Mg (0,00;1) and let F (x2): = g(V,,|x?|™),x% € R™. Then

Vn|h|n 0
IARFIl, S f g)ds + (n = DY | f g(s)s™nds 25)
0 anhln

forall h € R™\ {0} and g € M (0, 0; ).
Moreover, if g € AC(0,00)and 0 < € < o, then
”AhF”1+e

1

Vp3™ R Mg T+e
sn (f (9(s) = g(%:3™RI™) dS)
0

? (1-3)a+e e
+ |h| (f sV esssup |g'(w)|**€ ds) (26)
V2™ h|™ s/2M<sus3ns/2n

forall h € R™\ {0} and g € Mg (0,0;1) N AC(0, ).
Proof.
Step 1: Assume that g € Mg (0,0; 1). Then

18,71, = [

[x2]<2|n|

|F(x? + h) — F(x?)|dx? +f |F(x® +h) = F(x?®)|dx?=:1 + II.

[x2[>2|n|

Using polar coordinates, the definition of F and a further change of variables, we obtain
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1

T+e
< (J. |h|1+5|x2|(n—1)(1+5) ess sup |gr(u)|1+e dxz)
|x2|>2|h| Vnlx2|/2" susV, 37 |x2|" /2
1

) 1+e
= |h| <f (1 + e)-D+e) ess sup lg' @) (1 + e td(1 + E))
2
1

|h| Vp(1+€)™/2"susV,3n(1+€)/2"

€9 1 1+e
~ |h| <j 5(17)(“5) esssup |g'(w)|*t€ ds) h
V27 |h|n

s/2Nn<u<3ns/2n
Together with (30) and (29), this yields (26).
Proof of Proposition 3.5.
Step 1: To prove (i), take f € L; and g = f* in Lemma 5.1. Consequently,

Valh[™ o
IARFll: = nj f1(s)ds + (n— WAl e G)sgeids. (€3]
0

Vnlh|"
Applying Fubini’s theorem and the fact that f* is integrable on (0, o), we can rewrite the last expression as

o s d
Vn“"lhl( fv i fo (f*(u)—f*<s))du§)

nl R
[ee] S co S
an/"lhl (f s'l/"'lf f*(u)duds)—l/nl/"lh|<f s'”"'lf f*(s)duds)
Valh|™ 0 A 0

Vnlh|™ ) ©
nf Frdu + nv /™| Frau=ndu — 7™ f*(s)s~Vds
0

Vn|h|™ VnlhI™

Valh|™ ©
=n f Fr@du + (n — D™ Frau~ndu. (32)
0 V||
When n = 1, it is plain that the right-hand side of (31) is non-decreasing in |h|.|V|Vhen n > 1, it is also
non-decreasing in |h|, which can be seen from the equivalent expression given in (32) and from Proposition 4.3
(with du(s) = s™V/"1ds and g(s) =n fos(f*(u) — f7(s))du; the fact that g € Mg (0, o0; Dfollows from
Proposition 4.2).
Now, (31) and (32) imply that

Vp(1+6)" '
wi(F,1+6e); s nf F(s)ds + (n — DV +€) f*(s)s~Vds
0 Vp(1+e)n

=V +e ( fv w(l )ns'l/" fo (e - f*(S))du%)

In order to complete the proof of Proposition 3.5(i), note that the factors V;, and V;Ll/ ™ can be omitted in the
preceding formulae (this follows again by arguments used in (32) and the discussion following it).
Step 2: To prove part (ii), take f € L14,,0 <€ < o,and g = f** in Lemma 5.1. Consequently,
1ARFll14e

1

V3™ R|™ 14e T+e
< ( [ o -rmaninm) ds)
0

1

+ |h| (fm 5(1_%)(“5) esssup |(f™)'(w)|**e ds)m (33)
v,

W2 R s/2M<su<3ns/2n

since € Ly, (15) yields
1 1
W = —;((f"*)’(u) (W)= —;f (f@—fw)de
0
a.e. in (0, 8). Therefore, a change of variables and Holder’s inequality show that the last term in (33) can be

estimated from above (up to multiplicative positive constants) by
1

© 1 3Ms/2m e 1te
Al <J. S(l—;)(1+6)s—2(1+6) (f (f*(‘l') i f*(3ns/2n))d‘[‘> ds)
V2" R[" 0

1

) u 1+e 1+e
= -(+e)-5E YY) _ Ft
~|h|<fv - (fo @ f(u))dr) du)

n
1

<|nl ( f wl f (f'@) - Frw) " dr du)ue. 34)
V3" || 0
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+(1+e) ( f 4 s f S(f*(u) - 1)) " du ds>1_+5. (35)
Va3n(1+€)™ 0

We claim that the latter sum is dominated by its last term. Indeed, we obtain by means of Remark 4.4
(recall that 0 < € < o) and Proposition 4.2 that, for all € > 0,
1

1

1+e 1+€

Vp3h(1+e)™ o Vp3t(1+e)" 1+
(fo (F@ - 03" 1+ ™) 6du) s(J; (f* ) = f*(R3"(1+e)M) edu)

Va3t (146" /1 ru 1te 1+e
=(f (- j F(s) = f*(Vn3”(1+e)")ds) du)
0 Uy

1

Vp3t(1+e)™ e 1+e
( fo (@) - 043"+ ) du)

z( ’

[ 14e (Va3M(1+E" o 1+e
=(1+¢) ( J s J (fr@ - (R3" A+ M) duds)
Vp3h(1+€)" 0
1

N

1

L) 1+e ﬁ Vp3t(1+e)" o T+e
| s‘l‘Tds) (f (F ) - F (431 + o) fdu)
W 0

W3 (14e)

n

1+e

<(1+e) ( f ) s f (Fra)-f(s) “du ds)
W

S
3t (1+e)™ 0
To complete our proof, note that the factor 1,3™ can be omitted from the last term in (35) (as follows by
arguments used in the discussion following (32)).
6. Proof of Proposition 3.6
We shall start with the following result [17]:

2_
Lemma 6.1. Let 0 < € < oo, ande+1e_+€1 € R. Let f € My(R™) satisfy |supp f|,, < 1and
1
e e 2 _ike (S 1ee o ds\ite
(1 +e)irel e (1+€) f &s™n f &(f &) - f(s)) du&— . (36)
o ’ ’ 146,0,1)
Then f € Ly, and the function F defined by
F(x®) = frplx?™ife=0 or F(x?) = f(4|x3|")if 0<e < oo (37)
ete?-1
belongs to B, I, . Moreover,
IFIl 0’5+62—1
Bl+€,11‘:-55
€ etela
S|(1+e)vef e (14€)
. e
e oo ite  ds\ie
x (f = f (F @ - () Edu—) (38)
(1+e)n 0 8 o)
&0,

for all f mentioned above.
Proof. Take f € My(R")with |suppf|, <1. Then f*(1+€) = 0for €>0. Therefore, when

s € (1,0), fos (frw —f"(s))1+E du = fos frattedu = fol f*(w)**€ du. Hence,
1 ﬁ 2 14e 1 ﬁ
5 = * 1+e d ~ “nid * 1+e d ~
Il ( fo £ u) ( fl st ds fo 20 u)
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1

2 1+e S e 1+e
(J; S"EJ; (Frw —f"(s))1+ du ds)
1+6,0,1)

€ €+52—1
H(l +e)tvel v (14€)

g 2 e (s S
< ||+ e)rrel v (1+¢€) <f s n—1f (f*(u) - f*(s)) du dS)
G 0 1+€,(0,1)
(39)
Together with (36), this shows that f € L*€.
On the other hand, using (39),
N = _1+e S ds\1+e
(1+e)r+ef 1+e (1+¢€) (f S n f (f W) —f*(s ))1+6 )
a+en 0
1+€,(0,1)
1
€ ete?-1 1 _1te 1+s re
<lla+omeSFaro([ f (F @)~ £()
1 n
s 1+6,(0,1)
€ ete?1 € _1te 1 ds\1+e
+[|(1 + €)1vef 1ve (1+€) (f s n frwttedu —>
1+e)" 0
s Lre(0)
€ ete?-1 2 _14e S 1re  ds\tte
S ||(1 + €)tred 1ve (1+e)(f s nf (Fr-r1 () du )
n 0
e 1+6,(0,1)
(40)

Now, since ||F|li1e S |If ll14e, (38) follows from Proposition 3.5 and estimates (39) and (40).

Proof of Proposition 3.6 (see [17]).

Step 1: Assume that (9) holds. Take f € My(R™)with |suppf |, < 1. Then either the right-hand side of (10) is
finite or infinite. If it is infinite, (10) is clear. So assume that the right-hand side of (10) is finite. In such a case, we
apply Lemma 6.1 to get that the function F given by (37) satisfies (38). Using hypothesis (9) with F instead of f
and the estimate F*(1 4 €) = f*(1 + €), inequality (10) follows.

2

0 €+€e“-1
Step 2: Assume now that (10) holds. Take f € B, E‘fj o With [supp f |, < 1. Since f € Ly, Proposition 4.7 and
(10) yield (9).
e+e?-1
Consider now a general f € B, [1¢_ and put g(x?) := f*(Rlx®|™) 10,1 (hlx?|™), x* € R™. Clearly,

[supp gl < 1and g*(1 +€) = f*(1 + €) y[0,1)(1 + €),€ = —1. In particular, g € Ly.. Applying our hypothesis
(10) to g instead of f and using Proposition 4.7, we arrive at

€ ete?-1
0?1 +e)f A+ €401 +6) (14 €)tret 1ve (1

1+2¢,(0,1)
" 1
_lte 1+e g
+@U [ (rw-re) )
(1+e)n 0
1+6,(0,1)
1
€ e+e?-1 2 _l+e 1 ds 1+e
(1+ €)1+t 1 (1+¢€) (f sTn f f*(u)“fdu—)
(1+e)n 0 S
1+6,(0,1)
_ 1 ete?-1 .
A +e) et 1ve (1+)wi(f,1+6)14e 1 e = NIAN ostét (41)
1+€,(0,1) Bl+E 1+€

and (9) follows.
7. Proof of Theorem 3.1

To prove Theorem 3.1 (see [17]), we shall need a variant of Lemma 6.1. This is why we start with the
following:
Remark 7.1. Lemma 6.1 continues to hold if we assume additionally that € > 0 and if expression (36) is replaced
by
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26 vl g e (S ds\ e
+[|(1 + e)r2et 1ve (1+¢) f s f frttedu—
(1+e)n (146 S
1+2¢,(0,1)
1
26 e+el-1 (1+e)" T+e
S ||(1+ e)rrzet e (1+€) ( f f*(u)“fdu)
0
1+2¢,(0,1)
26 ete?-1 2 2 e Tre
+[|(1 + e)r2ef 1%e (1+¢) (f f*(u)”ef s n1ids du)
(1+e)™ u
1+26,(0,1)
1
26 etel-1 1te Tte
~ |[(1+ e)m2el e (1+€) (f f*(u)“edu)
0
142¢,(0,1)
.
1te_1te etel-1 1 1te 1+e
+{|(1+ €)™ el e (1+6€) u T ) du
1+e 1+2€,(0,1)
1
+|| @+ ommere s o @+ o+ o
F' g
1 eteo1 1te 1_41.5
S||(1+e) el e (14€) ( f frw)t+e du)
0
14+26,(0,1)
So, the conclusion follows immediately from Lemma 6.1.
Proof of Theorem 3.1.
Step 1: Here we prove the sufficiency of the condition € > 0 under the additional assumption (see [17]).
ete?-1
Due to Proposition 4.7, it is enough to show that, for all f € B, , 611’“ e
”(1 + eyFaaT (1 + e)f* (1 +€)
1+26,(0,1)
S fllive
1 etet-t
+[|(1+€) el 1+ (1+¢)
2
* _we (S o lte  ds\ie
X (f s f (fr'@ =) du—) (42)
(1+e)n 0 S
1+€,(0,1)

(1) First consider the case € = 0.

Since fo(H)n fr@dus1=6 [ g s (F@-f6) du%)(cf. (32) with Vn%IhI

0
ete?-1
replaced by 0 < € < 1), we see that it is sufficient to prove that, for all f € Bl; e

|a-emmea-ara-o |

1+2¢,(0,1)

1 ete?-1 (1-e*
Sl + [[(1- o et (- ) j £(s) ds 43)
0

146(0,1)
If € = oo, then, by our assumption, also € = oo and (43) is trivial. Thus, we suppose that 0 < € < oo, For
simplicity, we consider only the case when € < oo (the case € = oo can be handled similarly). Using the fact that
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1

- 2k_1 1+2¢
A 1+2€ A 142¢
SIfll + z pe(1426) (2_2k+1) Z (2-2k+121) f (2-2"“21)
i=0
e = (He)( ) take the eXPOHeﬂt—lnmde the outer sum and afterwards take the factor—ofthls
1426 \142

exponent inside the 1nner sum (all this is poss1ble because we are assuming € > 0), to get
”(1 €) 1+26£’E(1 e)f (1-¢ ”

1+2€,(0,1)
1
- 2k—1 1+€ m
< ||f||1 ' {)€+62 (Z_Zk) Z 2k+121f (2 2k+121)
k=0 i=0
L
© L 2—2k2i 1+€\ 14¢
k IH
sty @)Y [ e
A3 e [ e
1
© 2'2k 14€\ 14¢
<y ()| [ ra-e
k=0 L
1
© 2_2k 1+€\ Te
~ ”]c”1 + {)€+€2 (2—2k+1) _€e+62 (2-2") f f*(S)
k=0 i
1
o 52k 1-e 1+ed(1+6) Lte
swm+( fhlrﬂ“u—ag f%)) 1
=0 2—2 0 —€

<Ifl +

which, after a change of variables, proves (43).

1 eteb-1 1-€
(1-€) el e (1+¢) j frlas
0

14(0,1)

(i) ~ Now consider the case 0 < € < o, Using the monotonicity of function (13), we obtain, for all € > 0,
1

(1+e)" 1+e 14e
(L () - F(t+ M) )

T mefS L e, dS\iE
S(1+e)(f s f (f'w-1) du—)
(1+e) 0 $
Thus, in view of (42), it is enough to prove that

©2021 guigy - 01442 (pildll saloa Golil aell-digiw g1 &oSao drole dlao




Sharp Embeddings of Besov Spaces Involving Small Logarithmic Smoothness

|a+eommea+arate)

1426,(0,1)
1 e+e?a1
S ||(A+e) el 1ve (1
1

(1+e)™ e T+e
+o) f (F©) - @+ om)ds) (44)
0

1+6,(0,1)
Applying the estimate f* < f**, (16) and the Hardy-type inequality from Proposition 4.6(ii), we arrive at

H(1 + TG e (1 + €)f (1 + €)

1+26,(0,1)

1+26,(0,1)

||(1 e 6)(1+e)(1+26)£1+s(1 + 6) (f**(l) + (f**(l 4 E) f**(l)))
)

S Wfllse + |0 + TR + o (714 ) = £

1+2¢,(0,1)
€ e i (s s
= |flliee + |(1 + €)a+aa+2e f1re(1 + €) <f 7 ) i )ds>
1+e 1+2¢,(0,1)
S Wfllse + [0+ 9T+ (£ +0) - f+e) (45)
1+26,(0,1)
If e = oo, we use Holder’s inequality to get
1
1 [ le Lie
f"A+e)—f"A+e)<(1+e 1+e<f (f w-f1+ )) )
0
Consequently
2€ €
|a+emammeza o a+e
1+2¢,(0,1)
1
2 i+e 1+€ e
S flhise + [|(1 + e)ara0r20£4(1 + €) (J (ff@w-fa+e) du ) ,
0
1+2¢,(0,1)
and (44) follows immediately since our assumption € > 0 implies that also € = oo.
If 0 < € < oo, then (45), the obvious estimate
2€
|a+omommearoraro-rate) |, <ifhe
1+2¢(31)
Eq. (44) and Proposition 4.5 show that it is enough to prove that
||(1 + )T+ €)(f (1 +€) — f*(1 +6)) ||
1+2¢,(03)
_1 etel e 1+e
S|(|(X+e) el ve (146€) (f (f**(s) fr (s)) ds ) (46)
0
1+6,(0,1)

For simplicity, we consider only the case when € < oo (the case € = oo can be handled similarly). Having
the monotonicity of function (14) in mind, we obtain

€
||(1 + )T (1L + ) (7 (1 +€) — f1(1+6)) ||
142¢(03)
1+2¢
1+2€

0 Z_Zk .
Z f o QORI (U (L)~ (L + ) (L + o)
= 2
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1+2€

+¢€)
= 2k-1 142¢

< Z pe(i+2¢) 2—2" Z 2—zk+12i ?<f** 2—zk+12i+1
() 2, @) )

1+2€

— T (2—2"+12i+1))1+2€

(47)

(11:265) (1+s) and take the exponent — 1n51de the outer sum (smce € 2 0). Then the inner

Write

1426

; 1+ 1
sum will have the exponent —*° which we write as ( Lk ) ( +E) and then take its factor —€ inside the inner sum
1+2€ 1+2¢) \1+e +2€

(since € > 0). This leads to an upper estimate by

) 2k_1 1+e

z pete? (2—2") z (2—2""121') (f** (2-2k+12i+1)_f* (2—2"+12:'+1))1+E

k=1 i=0

The estimate a = al*€a™¢ ~ al*¢ f:: (1+6) 9 d(1 +¢), foralla := 2 , and the monotonicity
of functions (14) and (13) allow to dominate the last expression (up to a multiplicative positive constant) by
1

2k+1

had 2k-1 —2k+1 54 i+e
Soee@) Y [ (rare-rare)™ duse
=1 = p—2kt15itq
® _pk+1 T+e
< Z {15+52(2—2"+1) J;) +1 (f**(s) f(s))1+e
k=1
* 2-2k*1 . 1+e
|3 e ) e | (7@ = )"
k=1 0
< Z fz_z " #e+52 @+ 1 iy o+ 1+e =
< i )(1+e)” (J’ (F ()= £ () )
1 ete?-1 1+e i %
- ““YWT(HE)(JO (NORINO))
1+€,(0,1)

which, after a change of variables, together with the estimates obtained above, gives (46).
Step 2: Now, we prove the sufficiency of the condition € > 0 even when € > 0. Thus, assume that € > 0.
It is enough to prove (42) (for all € > 0) but with

€2(5+6€)

”(1 L 6) (1+3e)(1+ze)[(1+3s)(1+ze)(]_ + é)f (1 + 6)

1+2¢,(0,1)
on its left-hand side.

Essentially, we can follow part (ii) of Step 1. The only modifications are that the case € = oo does not
occur and also the way used to estimate the expression corresponding to the last term in (47) by (48) is a different
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then

€ 22— € 92—
Fal4e) = y et e (g L+ )+ (L4 )Tt 06 (L4 ppp(L4), €20,
(1) Case 0 < e < oo.
DefiningFyz2 (x*) = f;2(Vpla®|"), x* € R", we get
||Fy2||1+5 F IFy 1+e = f;z 1+e
Moreover, Proposition 3.5(ii), a change of variables, the triangle inequality and the fact that f;z is constant in
(0,y?) imply that

#
S 7€ (w?) ~ Lforally? € 0=

*
2

*k

y2

1+e

1 ete?-1
) (1+€) el 1ve (1+€)wi(Fye,1+¢)

1+6€,0,1)
R
S||(1+ et = (1+¢)
1 ® 1+e S 1+e i
><(1+6)E(f o f (f;z(u)—fy*z(s)) duds)
1 0

ihe]

1+6,(0,1)
1

€ e+el-1
+{|(1+ e)mret e ((1+6))

€ ete’-1 1
s+ emer e (@ +e)t+em

[ 1+e S 1+€ 1_41-6
X (1+ €y ( f s7n f (f;z(u) £ (s)) du ds ) —A+B.
1+e 0 1+e,(y2,1)
(49)
Furthermore, since > (W) — f,2(s) < f2 (w),

1
2 erel-1 © e (S © e e
AS ynt 1ve (y?) (f s n-1f f;z(u)1+e du ds +f s n—lf f;z(u)“e du ds)
y2 y? y2 0

1
1+€

2 el 2 St —(e+€2) (42 St —(e+€2+1) (1,2 CTp . 2
Synd e (y9)|y n 2 +y 2 Q) S ¢ +e(y”) S 1(50)
and
1

€ etel-1 1 o0 _l4e S T+e
Bs||(1+e)wet e (1+€)(1+e)n (f S n—1f f;z(u)“Edu ds)
1+e y2

1+€,(y21)

1
7

€ ete?-1 W S Tre
+||A + el ve 1+e)(1+e)n (] e/ J- f (w)*€du ds )
1+e 0

1+€,(y21)
e+e2+1
P ite (yz)
1+e,(y%1)

1 1 1 e+e?-1
< ||(1+e)‘me‘m(1+e)|| tlla+ et (e
1+6,(y%1)

s (In (D)= (51)
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e+e?-1 fn
(0 —) Therefore F2 EBl’-I-El-;.i-E and ”Fyz” yere?1 < (In(y?))1i+e for all
’ 1+€
1+€,1+€

, the inequality f» < f7 = F,2 and the assumption € > 0 imply that, for ally? €

€ s 52(5+65)
(1 + 6) (1+3s)(1+25)_€6 T(1+3€)(1+2¢€) (1 + G)f*(l + 6) < (]n(yz))I

1+2¢,(0,1)
t-hand side of (52) can be estimated from below by
1

z

w? 1+2e 7t @
(] . A+e) A +e)d+ 6)) ~ (In(y?))1+z¢< for ally? € (0, 2
that itymust bee = 0.

slightly modify the approach of part (i). Now, we put Fy2 (x?) := f2 (V,[x?|™),
3.5(1) (with the expression on the second line of (8)) instead of Proposition 3.5(ii) a
b f;z .

4: Now we prove the necessity of the condition € = 0.

the contrary, suppose that € > 0.Hence, 0 < € < oo.
e+3ez—1

e (4) is assumed to hold for all functions from B, Elff_% ¢ » Proposition 3.6 and Rem:

e2(5+6€)

+ E)(1+e)(1+ze)19(1+e)(1+2e)(1 +e)f*(1+¢e)

1+2¢€,(0,1)

e+3e2 1+€ e
s ||la+ 6)1+3e€ 1+3€ (1 +€) (f Jil D) 1+'Edu)
° 1+36,(0,1)
Mo(R™) with |supp f |, < 1. One can see that (53) remains true if we on
: 1. (Indeed, if f € My(R™), take f;:= f"(VL|-1™)x[0,1)(Vnl-]™). Consequer
or all0 < e < 1, and |supp fil, < 1. Thus, applying (53) to f;, we obtain th

1
f = |glt+e. Then (53) yields

F2OGraLctrO(1 —e)g (1 —€)

1+2€

o 1+3€
< (f v2(1—e)g™ (1 —e)1+e d(1
—(0,1) [

o (R™)(or even for any measurable functlon gon R™).
that 0 < € < oo. Then (54) implies that the inequality

1+€

© 1+2€ 1+2€ Gt
(f w21 —e)g*™(1 —e)ired(1 —€) ) < (f v2(1—e)g™(1—¢€) d(1
0 0
measurable gon R™, where, forall 0 < € < oo,
2€
w21 +e€) = (1+ e)1+e+29(1 + €)x(01)(1 + €)

2€
V21 +e€) = (1+ €)1+l 11 + Oxo1y(1 + €) + X[1e)(1 + €).
on 4.8¢ = 0, inequality (55) holds only if
(1+2€) _2@1+26€)

+€) e sup v €
y2€[1+€,1)

(e 0)

x

((1 +e) 11+ e+ (146 (f11+€ st (sﬁeﬁez-l(s)) ds + [ s
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e+e?-1
for all y? € (0 ) Therefore F,z EBl+el+E and ||Fy || Jereto1 < (ln(yz))1+s for all y E( %) This
Bl+El+E %
estimate, (4), the inequality f2 o< fy 5 o= *2 and the assumption € > 0 imply that, for ally? € (0' (DT),
(5+6e)

(1 + 6) (1+3e)(1+ze)[ (1+3e)(1+ze)(1 + f.—')f (1 + &-)

S (n(y?)e. 52)

1426,(0,1)

Since the left-hand side of (52) can be estimated from below by

1+2€

(fw A+e A +ed(+ 6)) ~ (lrl(;vz))ﬁ forally? € (0,%2)
y2

we conclude that it must be € > 0.

We slightly modify the approach of part (i). Now, we put F. D) = f;z (Vo |x2™), x% € R™, we apply
Proposition 3.5(i) (with the expression on the second line of (8)) instead of Proposition 3.5(ii) and make use of the
equality Fjo = f2.

Step 4: Now we prove the necessity of the condition € > 0.

On the contrary, suppose that € > 0.Hence, 0 < € < co.

5+352—1
1+3€
1+€,1+43€°

Since (4) is assumed to hold for all functions from B’

€2(5+6€)
H(l + E)(1+e)(1+ze)[(1+e)(1+ze)(1 + E)f (1 + E)

Proposition 3.6 and Remark 7.1 imply that

1426,(0,1)
1

e+362-1 1+e 1+e
S|+ E)1+3e{’ 3 (14 ¢€) <J- f* (u) “’Edu) (53)
0
1+36,0,1)

for all f € My(R™) with |supp f |, < 1. One can see that (53) remains true if we omit the assumption
Isupp f |, < 1. (Indeed, if f € Mo(R™), take fi:= f*(Val-I")x[o,1)(Val'I™). Consequently, fi"(1-¢) =
f*(1—¢) for all0 <€ < 1, and [supp fi|, < 1. Thus, applying (53) to f;, we obtain the result.) Let g €

1
My(RM)and f := |g|t+e. Then (53) yields

© 143 %
s (f v2(1-€)g™(1—e)+e d(1+ E)) (54)
1+26 (0’1) o

forall g € My(R™)(or even for any measurable function gon R™).
Assume first that 0 < € < oo. Then (54) implies that the inequality
1+€

|(1 — E)(1+25)(1+e).g5(1+5)(1 €)g'(1—¢€)

o 1+2€ T+2e *®
(f wi(1-€)g"”(1—e)+ed(l1—¢) ) s (f v2(1-€)g”(1—¢€) d(1—¢) ) (55)
0 0
holds for all measurable gon R™, where, for all 0 < € < oo,

2€
w2(1+€) = (1+ e)mrefc+26)(1 4 xon(l+e)
and

2€
V21 +e€) = (1+e)mett 11+ )y g1 (1+€) + el +e).
By Proposition 4.8 > 0, inequality (55) holds only if

1 (1+2¢€) _2(1+2¢)
00 > J. (1+¢€) e sup Y€
0 y2e[1+e1)

X

1+4€

20429 (o 1+25
(y <L EE) 2 ))

((1 +e) 11+ e)+ (1+e) <f11+€ Sl (s%#“z‘l(s)) ds +[7 s ds)) A

3 g b e
X (1+€) e 63711 + ¢) o~ ive | sirepetac ) | ds (1 + e)1+ed(1 +e) =:1
14e

However,
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((1+6)(1+26))(1 + e)_£6+62—1(1 i E)_ee+362 @ +eNa + 6)_1 f%
o

1+4€

(este-ra+ @ + (ere*a + o + 1)) ©
mtradiction. Consequently, € = O.
that € = oo. Therefore, € > 0. Inequality (54) implies that
1+€

RC2 1+2€

1+2€
w21+ e)g*(1 + €)1+e d(1 + €) ) < ess sup v2(1+e)g™(1 + €)
o] O=se<oco
rable gin R™, where, for all 0 < € < oo,
2 (e+€2—1)(1+2¢€)

w?2(1 +€) = (1 + €)i+es 1te a1+ e&)xon@ +e)
(e+3€2—1)(1+6€)
v2(1+e€) =1+ e) 1+3€ A+ xon1+e)+ A+ e)x[1,001(1 +
measure on [0, co)which is absolutely continuous with respect to the Lebesgue me

_(e+52—1)(1+25)_1

1 —e) 1le 1te 1—e)d(1+e)if0<e <1,
avi1+e =] G- 9E | F )i+
(1+e)y e« £ €« A+e)d@+6e) if e > 0.
1 (e+€2—1)(1+2€) _(e+52—1)(1+ze)_1
1= f E(S:Ll:ll—p 5 £ i+e ) )aA+e)te 1+e (1+e)d(-
(o) s €,

1
=~ f A+e) (1 +e)d(1l +€) = oo,
o

mtradiction. Consequently, € = O.

"heorem 3.2

ew of Theorem 3.1, the sufficiency of the condition that kis bounded is obvious. 1

1 is also necessary (see [17]).

1: Assume € = 0. Take y? € (0,1/2)and f,z € L1, (R™with f2 = x[0,y?).1ti
1

Rl 1+e S 1+e€ ds\1+e 2

+ €) (j S_Tj (f;z (w) — f;z (s)) du— ~ min {ym, (1 + ¢
(1+e)n o s

and y2 € (0,1/2).

Case 0 < € < oo.

D Fy2(x?) = i (VIx?™),x? € R?, we get [|1Fy=]| = ||F;2

= [l
ally? € (0,1/2). Moreover, Proposition 3.5(ii) and (57) imply that :

1+e€ 1+€ 1-

2 1 1
yive, (1 + e)yz(m_ﬁ)} for all y? € (0,1/2)and € = 0. Hence,

e+3e€2—1
Tivze (1 + wi(Fy2, 1+ e)1+e

1
”(1 + &) Tt

1+3€,(0,1)

2
1+35,(0,yi)

e+3e2—

= Z(L_l) _2€ e€+3e°-1
sy \a+e n (1 + €)1+3ef 1+3¢ (1 + €)

2 ! e+3e2—1
+ y1+e(1 + 6) 1+3ef 1+3e€ (1 + E) 4
1+3e,(yﬁ,1)
e+3e2—1
* € (0,1/2). Therefore, Fy,= € B, '35 _and

2
|Fyzll | esseza = ¥T+ets () forally? € (0,1/2).
T 1+3€
1+€,1+3€

mate, (5), the inequality f> < fjz = Fj2and the assumption € = Oimply that

— G 2
”(1 + e)a+2e@+a L€ (1 + ek (1 + €) = yi+refE(y2).

1+2¢,(0,¥2)

2 2
K(y2)yi+ef€(y?) s yi+ef€ (y?) forally? € (0,1/2).

n ©2021 guigy - 01442 (pildll saloa Golil aell-digiw g1 &oSao drole dlao




Sharp Embeddings of Besov Spaces Involving Small Logarithmic Smoothness

Hence, kmust be bounded.
(ii) Casee = 0.

Defining Fy2(x?) = fy (Vulx2|™), x% € R, we get ||Fy2||1 = | = y?. Moreover,

= Il
Proposition 3.5() and (57) yield w}(Fyz, 1 +€), Smin  {y2,(1+€)y* ™} forally? € (0,1/2)and € 2 0.
The rest follows essentially as in part (i) (now with € = 0 and F;z = f;z ).

Step 2: Assume now that 0 < € < co. In particular, e > 0.

£,

For any given y% € (0,1/2), put
fyp(?) = y TG () 2y (RIK2I") + (Vo2 (") T bTmOHD (U, 2 My 1y (21, 2 €
R™. Then

fr+e) = y T (y2)y o (L+€) + (1 +€) TelTm@am@(1 + )y (ye (1 +6),

€=>0.

We proceed as in part (i) of Step 3 of the proof of Theorem 3.1. Defining Fy2(x?) = f;7(Vylx?|™),x* € R, we

1
see that||F < #1r2e(y?)for ally? € (0,1/2). Moreover, we obtain (49), where now
y

#lse
e+2e2-1 e+2e?-1
A S £ 12e (y?) and B S £ 1+2e (y?)

e+3e2-1

o3t e+2e2-1
for all y* € (0,1/2). Therefore, F2 € By i5erseand ||Fyz|| jerselo1 S £ 1v2e (y)for all y2 € (0,1/2). This
' 1+3€
1+3€,1+€

estimate, (5), the inequality f)» < f}7 = Fj>and the assumption € > Oimply that

€ 3¢ e+2e2-1
”(1 +e)iratrative(l+e)x(l +e)f,2(1+¢€) S £ vz (y?)
1+€,(y2y)
for all y2 € (0,1/2). Since the left-hand side of the last expression can be estimated from below by
1 e+2e?-1
K(y) ”(1 +e) el (1 + e)” ~ k(y)¢ 1+ze (y?)forally? € (0,1/2),
1+2¢6,(y%y)
we conclude that kmust be bounded.
9. Proof of Theorem 3.3 (see [17])
We refer only to the case 0 < € < o0; the case € = 0 can be easily adapted.
e+e?-1
Put A := Bf;e,lfie- By Theorem 3.1 with € = oo,
1
A+eretc(l+e)f' (1+e)s1
forall0 <e <1landf € Awith ||f||4 < 1. Therefore,
1
sup ff(l—e)S(1—¢e) et €(1—e)forall0 <e < 1. (59)

Ifllas1
On the other hand, consider the functions F,2 ,y% € (0,1/2), from Step 1 of the proof of Theorem 3.2. By

(58), there exists ¢ > 0 such that
IFyz ], < eyivees &2) forally? € (0,1/2).
Together with the inequality Fj. = f7 > f)» = X[o,y?)> this implies that
S [ E) 2 Ty I Oy +) (60)
foralle > 0andy? € (0,1/2). Tl?us, takingy? = 2 G = s) forevery 0 < e < %, we obtain from (60) that
1

o 1
r=92(2G-9) " (269G = G- TG
su -—€|2=c —-——€ ——€ ——€| = |-—¢€ —-—€
e | \a 4 2~ %)) oali-9)\a 4 4
forall0 < e < %. Together with (59), this gives

sup  f*(1+e) = (1+ e)_ﬁf‘e(l +¢€) =:h(1+e)forallsmalle > 0.

Ifllas1
Since the function h is positive, continuous and non-increasing on some (0,¢],¢ € (0,1/2), and lim;4.,o +
E+Ez—1
h(1 + €) = oo, this function h is a growth envelope function of the space A = Bl_',_ atie o
As to the fine index, notice that H(1+¢€) := —In  h(1 +¢€) satisfies H'(1 +¢€) = ﬁ on some small

interval (0, €). Therefore, duy (1 + €) = ﬁ d(1 + €) and Theorem 3.1 implies that
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(with the usual modification in the casee = oo) whenever 1+ 2¢ € [max {1+¢,1+¢€},0]. On the other
hand, it is also possible to prove that this cannot hold for 1+ 2¢ € (0,max {1+¢,1+¢}).

In order to see this, we shall show first that if (61) holds then it must be € > 0. We follow thesame
construction as in the proof of Step 3 of Theorem 3.1, now with w? € (0,e]. Since we use (61) instead of (4), now
the counterpart of (52) reads as

G

Ha + EITBE(L 4 (1 +€)

A w?
S(n £ forally’ € (O, —). (62)
1+2¢,(0,) 2

If we assumed that € > 0, then the left-hand side of (62) could be estimated from below by

1
2

L 142¢ 142 € w?
( [ (1+e) Y me(1+e)d(1+ e)) ~ {0ned(y?) forally? € (0,7),
yZ

and we would get a contradiction.

So, we have just shown that (61) implies € > 0. Consequently, — L= 0 and we can now use

max {1+€1+2¢} 142
Theorem 3.1 to show that € > 0.
Therefore, (61) holds if and only if 1 + 2¢ € [max {1 +¢1+€},00].

Conclusion

We study mainly the worst-case in a Soboleve space for cubature and extremal
systems of points with numerical integration over the sphere . An approximation of the
constructive polynomial on the sphere was considered. We find the optimal lower bounds
for cubature error in Sobolev spaces of arbitrary order. The quadrature in Besov spaces on
the Euclidion sphere was shown. We obtain the sobolev error estimates and determined the
Bernsten inequality for scattered data interpolation, we also establish the spherical basis
functions and construct the uniform distribution of points on spheres. We gine the
structure of the orthogonal ,inequalities and orthonormal polynomials with exponential-
type weights.we investigate the sharp embeddings of Besov-type spaces involving only
logarithmic smoothness.

65 B0 Ggb ol ol s Bl el dalsi¥ly sl idgig oL b1 § Toud) Aol sy o Jf vy
LBV B o g sl § ol Uyl . &)oY Ll idgyg sl § sl o il GV ool sl
22igd clzg 9,80 Lol Jlgd Connal Ll . finally UL oSt (i p0 dtlin dpdoiy Cidpgu o Ol slos] 3
by . ¢ ol dual Cloryold Ui Sualsid] doatibly Olulutall Suolsih] dguodl IS wandd elbsl 5. SIS Jo bl gl
o gl Jlal iat) g 9 Clslisl) gl ol
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List of Symbols
Symbols
3
HZR: Hubert space
H> "% Sobolev space
sup: supremum
Ly : Hilbert space

POL : polynomial

avg : average

min: minimum

inf: infimum

max : maximum

det : determinant

supp: support

H?: Hihbert space

L? : Lebesgue space

@ : Direct sum

ess: essential

dim : dimension

dist : distant

RBF : Radial Basis Function
RKHS : Reproducing Kernel Hilbert Space
SBFs: Spherical Basis Functions
W3: Sobolev space

vol: volume

int : interior

a.e: almost every where

MRS : Mhaskov — Rahmanov — Saf f
deg: degree

B;:f : Besove spaces

L” : Lebesgue space

L%,y : Lorentz — Zygmund spaces
Loc: Locally
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3

Hz : Hubert space
Hee. : Sobolev space
sup: supremum

L, : Hilbert space

POL : polynomial

avg : average

min : minimum

inf: infimum

max : maximum

det : determinant

supp : support

H? : Hihbert space

LP : Lebesgue space

@ : Direct sum

ess: essential

dim : dimension

dist : distant

RBF : Radial Basis Function
RKHS : Reproducing Kernel Hilbert Space
SBFs: Spherical Basis Functions
W2 : Sobolev space

vol : volume

int : interior

a.e : almost every where

MRS : Mhaskov — Rahmanov — Saff
deg: degree

B;:,’f : Besove spaces

L : Lebesgue space

Lf,‘f,;y : Lorentz — Zygmund spaces

Loc: Locally
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