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Abstract :

In this paper, we introduce the concept of weak linear topology on a
topological vector space as a generalization of usual weak topology space

.In the case, we show that the application of vector space topology .
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1-Introduction:-

The general topology which needs some mathematical concepts of vector
Space.Suppose thatV is a set upon which we have defined two
operations addition, which combines two elements of V and is denoted by
“+”, and . multiplication, which combines a complex number with an
element of V' and is denoted by just aposition.

One of the most important concepts is the mathematical logic and how

its use facilities in proving different problems. Some concepts of the

mathematical analyses like differentiation and integration must be studied

before.

Definition 1-1- Topological space. A topological space is a set S with a
collection T of subsets (called the open sets) that contains both S and ¢ ,
and is closed under arbitrary union and finite intersections. A topological
space is the most basic concept of a set endowed with a notion of
neighborhood.
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Defimition 1-2- Open neiphborhood. In a topological space (S5, 1), a
neighborhood of a pomt x 15 an open set that contams x We will denote
the collectyon of all the neighberhoods of x by

N,={Fer|xel.
Topological spaces are classified according to certain additional
properties that they may sahsfy A propesty satscfied by many topolomcal
spaces concerns the scparation betwesn pomnis:
Dehnitisn 1-3- HaosderiT space. A topolopical space 15 2 HaunsdordT
space if distinct points have distmect neiphborhoods, 1.6, Yx + ¥ there
ae Iy € Ny and I, € N, such that
The HansdoddT property 15 equied, for example, for hmits to be omqoe.

Dehnitisnl -4- Base In a topolopical space {S,1), 2 collechon v C T of
open sets 15 a base for T 1f every open set 15 2 umon of members of T'.

Bases are uscinl becaose many properties of topalomes can be reduced
i siatements about 2 base peneratmy that topology.

Example 1-5-The open balls
B(x.a) = (v € § | d(y.x) < a}
form a base for a topology 1n 2 meinc space.

Defimition 1-6- Lacal base Let (S, T} be atopolomical space and et x £ 5.
collechon y,, = N, is called a local base at x if every neighborhood of x cor
an clement of ¥, It 15 easy to see that the umon of all Jocal bases is a base fo
topolopy. Indeed et AEt 1etx € A Sinmﬂisalﬂghbmhmdnf:gﬂm

i"-nalnﬁlim n'r'lh 1] Tneo s s ccbe = e wr pwmeb et FT -
Clearty,
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which prowes that L, 7, 1s abase for r.



Definitisn 1-7- Closure. Let (5, 1) be a topological space andd let E C 5. The
closure of E, denoted E, is the set of all points all of whose neiphborhoods
imtersect E:

E={x€5|vl eN,UnE = ).

Delinitisn 1-8- Indurced topology. Let (5, 1) be a topological space and let E
C 3. Then r NE is called the iwhiced topolegy on E.

Definitien 1-9- Limmit. A sequence (2, ) in a Hansdorff space (S, 1) comverpes

toalmitx € § if every neighborhood of x contains all baut Goitely many
pomis of the sequence So that oo nobsons: that of a vector space and that of

i topological space.
Definitisn 1-19-Tepological vector space. Let V be a vector space endowed
with a topology t The pair (V , 1} is called a topolopical vector space if
1. For every point x € V | the singlefon {x} 15 a closed sef (namely, {x}c 1)
2. The vector space operalions are contmpous with respect to t.
Cammuent 1-11- The first condition is not required in all texts
The second condition means that the mappmgs:
VxV-=V (x¥)x+y¥y
FxVW =V (o, x)ax
are conbinpons. That 15, for everyx, v € ¥V,
vV e N (AW E NV, EN) ) (B +W, CT),
and foreveryx € V anda E F,

(V¥ €N, €N ¥, €M) 1 (G T

Havmg defined a topolopical vector space, we proceed o define notions
conceming subsets:
Dehinitisn 1-12- Beunded set_ Lt y be a topolopical vector space. A subset

n ;

.



E = y is saul to be boonded if

MEMNI(As e R): (vt > 5)(F Cc V)
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sufficently ade with the meine nolion of bounddedness.
Definitien 1-13- With everv a € y we assodaie a translation
sperator, Ta 'y — y,defined by

Tex = x+a,

and wmith every 0 # e € F we assocale a multiplicatisn operator,
Ma 1 y — y,dcfined by

M.,x = ax.
Proposition 1-14- Both T, and M, are hosneomosphisms of y onto y

Proof Both T, and M, are bsgjechons by the vector space axioms. Their
mrverses are T—a and M1a ANl are contimuous by the very defimtion of a
topolopical vector space.

Cerollary 1-15 Fvery open set is translationally inwariant: E — y is open if
and only if 2 + F 1s open for every a € y . In parhenlar,

Hence the topolopy is fully determined by the neiphborheods of the ongin.
this a classification of vanows types of topolopical vector spaces:

Definitien 1-1§ Let {y 1) be a iopolopical vector space

1. x 1s locally convex 1if there exisls a Iocal base 3t () whose
members are convex

2. x is locally bomnded if 0 has a bonnded neighborhood.
31 x is locally compact if 0 has a neighborhood whose closore is compact
4 r is meirizable 1f i 15 cosrpatible with some mebe d (16
T 15 penerated by the open balls B{x,2) = {¥ € y 2(¥.x) < a]}
5. x is am F-space if ils topology 1s indoced by a complete ranslabhonally

srvariant metnc Fyery Banach space iz an F-space An F-spareisa
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Banach space if in addition d(zx,0) = | &| d(x.0).

6.y 1s a2 Frechet space ifii 15 2 locally convex F-space.

1. y 1s sormable if 1t can be endowed with 2 norm whose mduced meiric is
compatible with T.

2 y has the Heine Berel property if every closed amd bomnded set »
Coapact.

Hahn Banarh ronneries Weak onnloames whuh we will mn‘lﬂ later are
e A e e

always locally conmvex. We will prove that the only topolopical vector spaces
that are locally compact are fimte dimensional We will prowve that :
topolomeal veckor space 15 metnzable if it has a conndable local base at
ormn. which in tom, is puaranteed if the space 15 locally boamded We will
prove that 2 tnpolopical vector space 15 nommable if and only if it 1= both locally
corvex and locally boanded.

2 - Separation theorems

A fopological vector space can be quiie abstract. All we Ilovow 1s that these 15 =
vector space stiachure and a topology that 1x compatible with 1t. We have o
gtart make oor way from these very elementary concepls.

Lemma 2-1 Let y be a topological vector space. W € M, 307 € N;”™ such
tha i +F Cc W

Proof Since (H) =0 and aslthbion s continsons, The bere exnst neishborhonds

B+ cW

=W n(-Ink n{-1%)
LT 15 symmmeinc; it 15 an miersechion of foor open seix that contain zero,
hence 1t 15 3 non-empty neighbarhood of zero. Smee U CV; and U C1; 1t
Tollows that
F+idrcw
Lemma 2-2 [et y be a topolopical vector space.

vIW €N IV € N”™ suchthat V +V +V +V CcW.




Theorem 2 -3 Let y be a topolopical vector space 1et X, 0 C y satisfy
Kiscompact, Cisclosedand K nC =g
Then there exists a ¥ € M, such that
K +VIn(C+V) =8.
In gther words, there exist digjoint open sets that contain K and C.

Cemnment 1-4 Tims, a topological vector space is repular (a topolomicl
space 1s regular if separates points from closed seis that do not nclnde
that point).
Exawmple 1-5 (The open balls)

B(xa) ={y € § | d(v.x) < a}
Torm a base ior a opoiogy 1n 2 meinic space.
Defimition 2-6 (Local base) Let (3, 1) be a topological space and et x
€ 5. Acollecbon y,, N, 1s called a local base at < if every
neighbarhood of < contains an element of y, It 1s easy to sec that the
umon of all local bazes is a base for the iopolopy. Indeed, ket A € £ Let

x € A Smee A 15 aneighborhood of x, then by the defimibion of the locl
base, there exisis a [, € y, suchthat i, C A Cleandy,

A= i
:E.nlx

which proves that U0 ¥, 15 a base for T.

Delnitien 2-7 Closure. Let (S, 1) be a topolopical space and Iet E C 5.
Th:clusur:ufE,dﬂmtﬁdF,'nﬂtsﬂufﬂlpnm:llufwhm:

neighborhoods infersect E-
E={xes|YU eM,UNE * ¢}
Delinitien 2 8 Induced topelegy. Let (S, T) be a topological space and let E

C 5. Then r NE is called the indhuced topology on E.
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Definitison 29 Limnit. A sequence (x,) 10 2 HausdordT space (S, 1) converpes

toalimitr € & if every neighborhood of x contains all bat Gmitedy many
poinis. of the sequence So we have two nolions:- that of a vector space and that

of a topolopical space.
Definitien 1-18 Topological vector space. Let V be 2 vecior space endowed
with a fopolopy 1 The pair {V ., 1) is called a topolopical vector space if
1. For every point x € ¥V | the singleton {x} 15 a closed set (namely, {x}c € ).
2 The vertor space operations are contmsous with respectto t
Comnrment 2-11 The first condition is not required in all texts_
The second condition means that the mappings:
VxV-=V (ryvix+y¥
FxV >V (a, x)ox
are conbinsons. That is, for every x, v € V',
OOV € M, )A% €NV, €N 1 (G +F, SV,

andforeveryx € Vanda e F,
YV E N ) (AW € N 1 € M) 2 (W - Ve C V).

Having defined a topolopical vector space, we proceed to defime notions
conceming subscls:

Dehnitisn 2-12 Boumded set. Let y be a topological vector space. A
subsel

E = x 15 saul to be bommded if
(YF eNpI(3s e B) 1 (vt > s)(E C tV).
That iz, every neighborhood of zero contains E after heing

Definitisn 2-13 Balanced sei. Let y be a topolopical vector space A
sobset E C y is said to be balanced if

voaeF, |e|l s1 ak c E.




We denoie the set of balanced neiphborhoods of zem ty VP! tal

The nobion of bemg balanced 15 purely alpebraic. When we talk aboal

balanced neaghborhoods we connect the algebraic concepd to the topologacal
concept. Note that in € the only balanced sets are discs and the whole of £

Definitisn 2-14 Symmetric set. Let y be a topological vector space. A
sobset E C y is said to be symmetne it

x € E imphes(—x) € E,
namely (—E) =FE. We denote the set of symmetric neighborhoods of x by

_w;l'.l'ﬂl

Symmetiry is also an alpebraic concept. Every balanced set 1s symmneinc

Definitien 2-15 With every 2 € y we assoqate a tramslation operator,
Ta 1y = y .defined by

T.x = x+a,

and with every 0 # a € F we assocate a multplication operator,
Ma 1y = y, definedtry

M,x = ax
Proposition 2-16 Both T, and M, are homeomorphisms of y onto x .
Proof Both T, and M, are bijechons bry the vector space axioms. Their
mverses are T—a and Mla All are contimons by the very defimtion of a
topolopical vector space.
Cerollary 2-17 Every open set 15 translahonally smvanant E C y 15 open if
andonly if 2 4 E 1= open for every a € y . In parhicalar,

N;; =E+N¢.

Hence the topology 1= Tully determined by the neiphborhoods of the ongin

Definition 2-18 Let {y 1) be a topolopical vector space.
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1. x 1s locally ronvex 1f there exisis a local base at () whose
members e convex.

2  y is locally bommded if 0 has a bomnded neiphborhood.

3.y is locally compact if 0 has a neighborhood whose closore is oompact.

4y is meirizalble if 1t 15 compatible with some metne d (12
T 15 penerated by the open balks B{x,e) = {¥ € y d(v.x) < a]x

5. y 15 an F-space if its topology is indoced by a complete translationally
imvanamt metnic. Fvery Banach space iz an F-space. An F-gpaceis a
Banach space if in addition d(zx,0) = | «| d(x, D).

6y 15 a2 Frechet spare if it ix 2 locally convex F-space.

1. y 1s sormable if 1t can be endowed with 2 porm whose iduced metric 1

courrpatible with T

By has the Heime-Borel property if every closed andd boonded =t ix
Later are always locally comrvex. We will prove that the only topological vedior
spaces that are locally compact are fmite dimensional We will prove that a
topolopical vector space is metnizable if it has a comntable local baze at the
ormn which in tom, is guaranteed if the space is locally boonded. We will
prove that a topological vector space s nosmable 1f and only 1 11 15 both locally
comvex and locally boonded.
3 Separation theorems
A topolomical vertor space can be quile abstract All we know ix that
there 1s a vector space structore and a topolopy that is compatibie.
Lemma 3-1 Let y be a topolopical vector space
YW EN, IV e N"™ sachthat IF + U c W
Proof Smce 0--0 =0 and addibon is contmons, there exast
neighborhoods 1], 1, € M, such that

B+ cW

7=V, n(-¥)n¥ n(-¥)




1] is symmetric; it is an miersection of fomr open sets that contain zero,
hence it 1s a non-empty neighborhood of zero. Smee U V) and U CI; it
Tollows that

Fr+orcw
Lemma 32 Let y be a topolopical vector space.

YIW N, AV E N suchthat V +V +V +V CcW.

Theorems 3 -3 Let y be a topolopical vector space Let K, 0O C r sahsfy-
Kiscompact Cisclosedand K nC =g .

Then there exists a V' € NV, such that
K +Vin(C+V) =0.
The are there exist disjoint open seis that contam K and C.

Cemment 3-4 The a topological veckor space 1s repular (a topologscal space
15 repular if scparates pomids from closed sets that do not inclode that point .

Proof-Letx € K_Since £° is an open neishborhood of x, it follows from
the above letnma that there exisis a i, € .‘i'ul';‘:,""""“'Il such that

r+ % +% +% eC*
ic
E+E +% +Inc =9
Since I, is symmetric,
(x+W% +% +TIn(C+K) =8
Forevery x € K corresponds soch ¥, Since K is compact, ihere exisis
a finite collection of (x;, Vey )R, such that

E cUk, (x5 + V)
V=V n-ni,.
Then, for every i,

-
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(x +V,; +V,) does not intersect (C + V,;)
and a for interior,
(x + Vy; + Vy;) does not intersect (C + V).
Taking the union over i:
K +V < UL,(x; + Vy; + V)does not intersect (C + V).

Comment 3-5 Since K + V and C + V are both open and mutually
disjoint, it follows that also

K + V does not intersect C + V.
Indeed, if x € C + V then there exists U €V, such that
UcC+V

But since x € K + V, every neighborhood of x, and U in particular,
intersects K + V, i.e., where exists ay € U satisfying

y € (K+V)n(C+YV),
which is a contradiction.

Corollary 3-6 Let B be a local base at zero for a topological vector space
X-

Then every member in B contains the closure of some other member in
B. That is,

YU € BaW €B suchthat W cU.

Proof.LetU € B.Let K = {0} (compact) and C = U€ (closed). By

sym

Theorem 3.5 there existsa V' € IV, , such that
VnUuc+Vv)=90.
It follows that
V c (U +V) cU.

By the definition of a local base there exists a neighborhood W € B such
that
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b N

WcVc (X +vV) cil.
(I + V¥ is closed,
Wecec(F+V*cly

llary 3-7 Every topolopical vector space ¥ 15 HaosdoriT
wition 3-8 Lety be a fopologcal vector space.

ForAcCy.
A=[)w+m
vem
at 15, the closmre of a set 15 the sntersecthon of all the open neiphbo
i of that set
A+B c A+EB.

£ =y is 2 linear sobspace, them sois T

I is convex 50 is (7

fC 15 convex so 1509

‘or every B C x - if B is balanced so is B

‘or every B C y - if B 1s balanced and 0 € 5° then B2 is balanced.
[EE = X 15 bounded then so is £

I-
£t E E_B]rd:ﬁniﬁnn,ﬁ:rﬁﬂ]rlf E Ny, x +V iniersects A, of
A — F.Thns,

x € Qﬂ(ﬁ—?) — FEl(A+Fj

il
.
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Conversely, suppase that x ¢ A Then_ there existsa IV € My soch that
r+ Vdoesnotiniersect A ie . xr ¢ A—V,. hemce

z¢ [|aw

¥eNo
conclesion:
many properhes of topelomes can be reduced to statements aboat a
base penerating that topology. Then the topologcal vector spaces that are
Jocally compact are finite dunensional. And a topolopical vector space 15
metrizable if 1t has a conntable local base at the ongm, which i tam, 15
Iocally bovmded
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