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Abstract:

This study aims to show important Solutions, possible applications, in the
system of Integral Equations Via Measure of Non-Compactness and Existence of
Solutions in Banach® Spaces. and present some results on the existence of coupled
fixed points for a class of condensing operators in Banach spaces. Moreover, as an
application, we study the problem of existence of solutions for system of nonlinear
integral equations uniformly, then the system of equations has at least one solution
in the space.
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1.0 Introduction:

Recently, there have been several successful efforts to apply the
concept of measure of no compactness in the study of the existence and
behavior of solutions of nonlinear differential and integral equations ([21,
11, 12, 13, 15, 5, 16, 23,24, 25, 26, 17,27, 29]). In , we present and prove
some new existence theorems for solutions of systems of nonlinear
equations which are formulated in terms of condensing operators in Banach
spaces (i.e. mappings under which the image of any set is in a certain sense

more compact than the set itself (1)). Moreover, as an application, we study

the problem of existence of solutions for the following system of nonlinear
integral equation
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1.1 Objective of the Study
This study aims to fulfill the following objective:

show important Solutions, possible applications, in the system of Integral
Equations Via Measure of Non-Compactness and Existence of Solutions in
Banach' Spaces.

1.2 The importance of the study:

The importance of this study is the:
1. prove some existence theorems for systems of equations involving
condensing operators using the Darbo fixed point theorem.
2. investigate the problem of existence of solutions for the system of
nonlinear integral equation.
2.1 Preliminaries:
We some basic notations, definitions and auxiliary devoted to state and
prove some existence theorems for systems of equations involving
condensing operators using the Darbo fixed point theorem. Finally, using the
obtained results, we investigate the problem of existence of solutions for the
system of nonlinear integral equation (1).
The first measure of non-compactness was defined by Kuratowski ®. In a
metric space X and for a bounded subset 5 of ¥ the Kuratowski measure of

noncompactness is defined as

a(5) = mr{ia =D Is

(T} denotes the diameter of a set T < X, i.e.,

5
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Since a ball of radius » has diameter at most 2, then the measures » and
gare equivalent i.e., for any bounded subset ¥ of E the following estimate

holds®
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The two measures ¥ and =« share many properties [8, 5]. Here, we recall

some basic facts concerning measures of non-compactness from [5], which
is defined axiomatically in terms of some natural conditions. Denote by R
the set of real numbers and put B, = [¢,+=). Let (£, 4.1} be a Banach space.
The symbol &, convx will denote the closure and closed convex hull of a
subset ¥ of E, respectively. Moreover, let i indicate the family of all

nonempty and bounded subsets of E and %i;indicate the family of all
nonempty and relatively compact subsets®.

Definition (1):A mapping %, - R, is said to be a measure of
noncompactness in £ if it satisfies the following conditions®:

¥y = 0} is nonempty and kery € 9.

ig 4
EF

X4 © X_for n=1.2,..and if im,_u{X,) = 6then X, = N>, X, = &.

1
1 " s ==

Here we recall the well-known fixed point theorem of Darbo ©

Definition (2) ":An element (x,y)x x ¥ is called a coupled fixed point of

the mapping F: X x ¥ > X if F{x,v) = xand F (v, x) = 3.

Note that if F:€x ¢ - ¢ is a continuous operator and we define
F{x,vY=F{zxyjand E{x.¥) = F{(x v) then as a result of Theorem (1) and
Corollary (1) we have the main results .

3.1 Main results:
In this section, we state and prove some existence results for solutions of
systems of equations Via Measure of Non-Compactness and Existence of

Solutions in Banach® Spaces which will be used in Section
Theorem (1) ®:Let 2 be a nonempty, bounded, closed and convex subset of

a space £ and let F:&1 = & be a continuous mapping such that there exists a

constant k € {G,i) with the property
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for any nonempty subset ¥ of &2. Then 7 has a fixed point in the set £.
The following theorem and example are basic to prove all the results of
this work.

Theorem (2) (9):Suppose s oy s 1, AT€  MEASUres N Ey, By, ..., B,
respectively. Moreover, assume that the function F:R} — R,is convex and

F(x4,..x,) = 0if and only if x, = ofor i = 1,2,...,n. Then

defines a measure of non-compactness in £, x £, X .. x £, Where X, denotes
the natural projection of X into E, for i = 1,2,....n.
As results from Theorem (1.3.2) we present the following example.

Theorem (3)'” : Let ¢ be a nonempty, bounded and closed subset of a

Banach space £ and z an arbitrary measure of noncompactness on £. If
fi:cxC — ¢ for i = 1,2 are continuous operators and there exists a constant
k € [0,1)such that

P{FE(X1 X Xz)) £ kmax{u(X,),u(X,)} 3)

X, of ¢, then there exist x*,»* € ¥ such that
4)
F.¢ x ¢ = ¢ % ¢ defined by

for any subset ¥,

Ty

Theorem(4)'"): Let ¢ be a nonempty, bounded and closed subset of a
Banach space E and # an arbitrary measure of noncompactness on E. If
F:C®— Ci=4,..,n are continuous operators for which there exists a
constant k € [0,1)such that

u(F (%, X .. X X;)) < kmax{u(X,) ..., w(X,)]
for any subset X, ..., X,of C. Then there exist =} ,...,x} € X such that
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Proof: Define F{x,,..,x,} = (f{xy . %0, Fo{x, .. %3} and follow the
proof of Theorem (1.3.5).

as an application of Theorem (1.3.5), we prove an existence result for
solutions of system (25). We will work in the Banach space
BC{R, Jconsisting of all real functions defined, bounded and continuous on

R.. The space BCR,} is furnished with the standard supremum norm i.e., the
norm deﬁned by the formula

We will use a measure of non-compactness in the space BC{R,}which is
stated in ([8,9]). In order to define this measure, let us fix a nonempty
bounded subset of ¥ of BC{®,) and a positive number L > 8. For x€ X and

£ = 0 denote by «*{x, £}, the modulus of continuity of x on the interval [g,£}
LY F 1 1>

If't is a fixed number from R,, let us denote

It can be shown (cf. [5,16]) that the function u{x) defines a measure of

noncompactness on BC{R&, ) in the sense of the above accepted definition.
Now, we are ready to state and prove the main on the existence of

solutions for the system of integral equations (1).

Theorem (5) '?: Assume that the following conditions are satisfied:

— 0

e

Jare continuous and £(£)}i— o as

i
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@, _ 1.2, such that
1Ef) v w7 =Y — FUE 25 33 wril
ij I\."J"'JJJ“J TR Wy W

where m.(£): R, = R, are continuous functlons

for i = ,2 are bounded on B, i.c.

(6)

X R - Rfor i = 1,2are continuous and there

R
exists a positive constant D such that

Corollary (1) ™: Let ¢ be a nonempty, bounded and closed subset of a

Banach space £ and an arbitrary measure of non-compactness on £. If
F:cxcC— ¢ for i = 1,2 are continuous operators for which there exist

nonnegative constants k,, k,with k, + &, < 1 such that

ulFi(Xy X )} < keypal%) + Feopa(X,) ©)

for any subsets k4, k, of €, then there exist x*,»* € Xsuch that
(E (<%, v)=x%
gl

Proof: It is enough to show that (27) holds. Let k,,k, € € be given, then

Now the conclusion follows from Theorem (2).
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Corollary (2)'? : Let ¢ be a nonempty, bounded and closed subset of a

Banach space E.z an arbitrary measure of non-compactness on £ and

F:C x € — Ca continuous operator. Suppose either:

(I') There exist nonnegative constants i;, &,with &;, &, < isuch that

T
'_!."!.4_1
i YR

wr
A

or

2l
f=3

—

for any subset x,,%,0f €. Then F has a coupled fixed point.
Proof: Take F {x.¥) = & {x.¥} = F{x ¥} in Theorem (1) and Corollary (1).
Corollary (3) ) Let € be a nonempty, bounded, closed and convex subset

of a Banach space £ and let F: € x € —

k|
&
=
.y
|
|..|
"I
o
(@]
o
=]
[¢]
=
=
o
=
©»
72}
[t
(¢
=
-
=
=4

where ke [01) . Assume that 6:Ccx ¢ — x are compact and continuous

operators and the operators T;: € X € — £defined by

nondecreasing continuous function and
€ csuch that

Proof: Let %x,and X, be arbitrary subsets of ¢ and fixed 1 <:< 2. By the
definition of Kuratowski measure of non-compactness for every > @ there
exist 5, ...,

and

"'1

Let us
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and since = was chosen arbitrarily and# is a nondecreasing continuous
function, so

(12)

[}

=
®

[

F

-]

A
Ell

=

|
q B

M,

|‘E’"'|
(5]
-
2]
[

Therefore, by definition of Kuratowski measure of non-compactness we

have

a{F (X, x %} < kmax{a{X,) «{%,}] (13)
By (32) and (33) we deduce

a{T,{X; X X,)} < k max X))

Also, by condition (11),
application of Theorem (1) completes the proof.

2) are continuous operators and the

In the same way as the above proof, we can extend Theorem (1) for m-
dimensional systems of equations

Example (1) shows that ¢ is a measure of non-

".'...
|..n
T
[aN
(@]
=
(@}
—
(@]
-
5
a
=
=
=
o
=5

compactness in the space €xc, where X
projections of ¥. Now let ¥ be any nonempty subset of ¥.,:=12 Then by
(i1) and (3) we obtain

Since & is also a measure of noncompactness, therefore all conditions of

Theorem (1.3.3) are satisfied. Hence # has a fixed point, i.e., there exist

which means {x*,*} solves (10).
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COIldlthIlS of  Theorem  (1.3.2) are satlsﬁed. Therefore,
i =maxip(X Y u(xland = (¥} +u(%,}) are measures of non-
compactness in the space ExEwhere X,i=12 denote the natural
projections of x.

we state and prove some existence results for solutions of systems of
equations involving condensing operators in Banach spaces which will be
used.

4.1 Application:

uniformly with respect to x,y,u, vBC(R,) fori = 1,2,

Then the system of equations (1) has at least one solution in the space

DOFMR %o DI
slimgjroblim, ).

Proof: The proof is carried out in two steps.

Step 1:6,: BC{R, ) X BC(R, ) — BC(R, )defined by

take =,y €BC{R.} and => ¢ arbitrarily, and consider x,v <€ BC{R,with

THE, Then we have
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40), so we obtain

(17)

On the other hand by the uniform continuity of gon

O.TiX08 X[ nrix[—n7], we have wl{g.=) =0, as = & and also
because of the uniform continuity of gon {¢,7 }, we derive that wl {3, ) — 0as

£ —= . Therefore we obtain

¢ conclude that

(20)
equaht (44), then using (iv) we deduce that
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Thus, &; is a compact and continuous operator.
Step 2: There exists r, € R, such that the operators 7;: 8, x B, - B, (i = 1,2)
defined by

2
.
»
4
=
:
&

"

[
m“'

———

&

are well defined and satisfy condition (31) where &,is given by (38) and

Thus, from the estimate (48) we
(M, + ®,(D) M,+ ®,(D

S i B e L

Next, by condition (ii) of Theorem (1.3. 11) it is obvious that £, and F,{x} for

(R, } are continuous functions on B¢{&, ] and &,, respectively, and for

2021 guigs - 01442 (pilill (saloa Golill 22ell-digiwm g1y 80830 drole dlao




Dr. Nagla Tag Elsir Mohamed Elhassan

P

P
&
F
150
[
1
L
\

ObV10usly, F satlsﬁes condltlon (10) and thus by Corollary (1 3. 8) there
exist x,,y, € BC(®,) that are solutions of the system of integral equations

(1), and the proof is complete.
In the same way as the above proof, we can extend Theorem (3) for finite
system of nonhnear 1ntegra1 equatlon

where f.,g,.{,.n;and g;satisfy certain conditions. As a corollary of Theorem

(3) we have the main results of 7

Corollary "®:Suppose that

(1) f-R, x R X R - R is continuous and the function t = £ (¢, 0,0) is a member

of the space Bc{®m,};
(i1) there exists

’I.\.}
2

for any t = 0 and for all x,v,u,v € R;

(ii1) the functions ;‘-;:.-g—*g are continuous and {{f}—2o

(lv) 5:R, xR, XxRXR—=R 1s a continuous function and there exist
apo

ositive constant d such that
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for any all £ € ®,and uniformly respect to x,y,u, vBC € (R, }:
Then the system of equations

has at least one solution in the space &
Proof: Take

in Theorem (1 3. 11)
Now, we glve an example where Theorem (3) can be applied but the

previous results ”are not applicable.

Example (1.3.13)®”; Consider the system of integral equations

2021 guigs - 01442 (pilill (saloa Golill 22ell-digiwm g1y 80830 drole dlao




Dr. Nagla Tag Elsir Mohamed Elhassan

s mnnl el L oF !-J".- Y S -.-""!“‘.

o n 3 LUDIDAJTE (& A T ¥ Ji

g.it s x vi— 5= - = =
e Ll by B N s UYL L) ]
€7 (4T SHERX T¥ i)

and

= (20 . 1 .. PRNY

. N - L. IS L iX — W TV —Tin

v,z — Elfupwiist—> — ‘ —
RN SRS FERTI 55 T TR — ETE RS 3
AlAT L7}

T Y o e —" i Y |
T il LLldiai L § Ol LLGiEl W i
.1 — S oA R
. —maxily —wul lv— vl + 1z —wl
= HH 1z 1¥ [ H

Therefore and £ satisfy condition (ii) of Theorem (1.3.11) with & = : Also

it is clear that fand g.are continuous and by simple calculation we obtain
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Therefore, as a result of Theorem (3), the system of integral equations (30)
has at least one solution in the space BC{R,

5.1 Conclusion:

The concept of measure of non-compactness has played a basic role in
nonlinear functional analysis, especially in metric and topological fixed
point theory. Up to now, several s have been published on the existence
and behavior of solutions of nonlinear differential and integral equations,
using the technique of measure of non-compactness. the aim is to obtain an
extension of Darbo’s fixed point theorem and to present some results on the
existence of coupled fixed points for a class of condensing operators in
Banach spaces (i.e. mappings under which the image of any set is in a
certain sense more compact than the set itself, Moreover, as an application,
we study the problem of the existence of solutions for a general system of
nonlinear integral equations. Here, we give some notations, definitions and
auxiliary facts.

The first measure of non-compactness was introduced by Kuratowski in
the following way.

ATy o~ nio 11T
ANY e =t — g

Z{S5) —=mho = U5 — U

These measures share several useful and characterizing properties , In many
classical texts, this concept has been defined axiomatically to emulate some
of important common properties of the measures y and «, but here we use

the definition given .
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